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ABSTRACT
In this paper, we introduce and investgate a new third order recurrence sequence so
called generalized co-Padovan sequence and its two special subsequences which are
related to generalized padovan numbers and its two subsequences. There are close
interrelations between recurrence equations of and roots of characteristic equations
of generalized Padovan and generalized co-Padovan numbers. We present Binet’s
formulas, generating functions, some identities, Simson’s formulas, recurrence prop-
erties, sum formulas and matrices related with these sequences.
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1. Introduction: Generalized Padovan Numbers

The generalized Tribonacci numbers

{Wn(W0,W1,W2; r, s, t)}n≥0

(or {Wn}n≥0 or shortly {Wn}n≥0) is defined as follows:

Wn = rWn−1 + sWn−2 + tWn−3, W0 = a,W1 = b,W2 = c, n ≥ 3 (1.1)

where W0,W1,W2are arbitrary complex (or real) numbers and r, s and t are real
numbers with t ̸= 0.

The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = −s

t
W−(n−1) −

r

t
W−(n−2) +

1

t
W−(n−3)

for n = 1, 2, 3, ... when t ̸= 0. Therefore, recurrence (1.1) holds for all integers n.
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For r, s, t satisfying Eq. (1.1), the generalized co-Tribonacci numbers

{Yn(Y0, Y1, Y2;−s,−rt, t2)}n≥0

(or shortly {Yn}n≥0) is defined as follows:

Yn = −sYn−1 − rtYn−2 + t2Yn−3, Y0 = d, Y1 = e, Y2 = f, n ≥ 3 (1.2)

i.e.,

Yn = r1Yn−1 + s1Yn−2 + t1Yn−3, Y0 = d, Y1 = e, Y2 = f, n ≥ 3

where Y0, Y1, Y2are arbitrary complex (or real) numbers and r1 = −s, s1 = −rt,
t1 = t2.

The sequence {Yn}n≥0 can be extended to negative subscripts by defining

Y−n = −−rt

t2
Y−(n−1) −

−s

t2
Y−(n−2) +

1

t2
Y−(n−3)

= −s1
t1
Y−(n−1) −

r1
t1
Y−(n−2) +

1

t1
Y−(n−3)

for n = 1, 2, 3, ... when t ̸= 0. Therefore, recurrence (1.2) holds for all integer n. For
more information on generalized Tribonacci and co-Tribonacci numbers, see [4].

Note that we can easily use and modify the results given for r, s, t in [4] by substi-
tuting r1, s1, t1 for r, s, t and we will do this in this paper.

There are close interrelations between roots of characteristic equations of generalized
Tribonacci and generalized co-Tribonacci numbers, see [4, Lemma 17.]: If α, β, γ are
the roots of characteristic equation of {Wn} which is given as

z3 − rz2 − sz − t = 0,

and if θ1, θ2, θ3 are the roots of characteristic equation of {Yn} which is given as

y3 − r1y
2 − s1y − t1 = y3 + sy2 + rty − t2 = 0,

then we get

θ1 = βγ,

θ2 = αβ,

θ3 = αγ.

There are also close connections and relations between recurrence equations of gener-
alized Tribonacci and generalized co-Tribonacci numbers, see, for example, Lemma 32
in [4].

In this paper, we consider the case r = 0, s = 1, t = 1 so that r1 = −s = −1,
s1 = −rt = 0, t1 = t2 = 1.

In the next section, we also use the notation r = −1, s = 0, t = 1 for r1 = −1,
s1 = 0, t1 = 1 to use results in the paper [4]. Now, in this section, for the case r = 0,
s = 1, t = 1 we present some well known results.

2



On Generalized co-Padovan Numbers	 107International Journal of Mathematics, Statistics and Operations ResearchYüksel Soykan

A generalized Padovan sequence {Wn}n≥0 = {Wn(W0,W1,W2)}n≥0 is defined by
the third-order recurrence relations

Wn = Wn−2 +Wn−3 (1.3)

with the initial values W0 = c0,W1 = c1,W2 = c2 not all being zero.
The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = −W−(n−1) +W−(n−3)

for n = 1, 2, 3, .... Therefore, recurrence (1.3) holds for all integer n.
As {Wn} is a third-order recurrence sequence (difference equation), it’s character-

istic equation (cubic equation) is

z3 − z − 1 = 0 = (z − α)(z − β)(z − γ) = 0.

The roots α, β, γ of characteristic equation of {Wn} are given as

α =

(
1

2
+

√
23

108

)1/3

+

(
1

2
−
√

23

108

)1/3

= 1. 324 717 957 24

β = ω

(
1

2
+

√
23

108

)1/3

+ ω2

(
1

2
−
√

23

108

)1/3

γ = ω2

(
1

2
+

√
23

108

)1/3

+ ω

(
1

2
−
√

23

108

)1/3

where

ω =
−1 + i

√
3

2
= exp(2πi/3).

Note that there are the following relations between the roots of characteristic equation:

α+ β + γ = 0,

αβ + αγ + βγ = −1,

αβγ = 1.

The sequence {Wn} can be expressed with Binet’s formula. Using the roots of char-
acteristic equation and the recurrence relation of Wn, Binet’s formula of Wn can be
given as follows:

Theorem 1.1. For all integers n, Binet’s formula of generalized Padovan numbers is
given as follows.

Wn =
p1α

n

(α− β)(α− γ)
+

p2β
n

(β − α)(β − γ)
+

p3γ
n

(γ − α)(γ − β)

= A1α
n +A2β

n +A3γ
n,

3
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where

p1 = W2 − (β + γ)W1 + βγW0, (1.4)

p2 = W2 − (α+ γ)W1 + αγW0, (1.5)

p3 = W2 − (α+ β)W1 + αβW0 (1.6)

and

A1 =
p1

(α− β)(α− γ)
=

W2 − (β + γ)W1 + βγW0

(α− β)(α− γ)

=
(αW2 + α2W1 +W0)

2α+ 3
,

A2 =
p2

(β − α)(β − γ)
=

W2 − (α+ γ)W1 + αγW0

(β − α)(β − γ)

=
(βW2 + β2W1 +W0)

2β + 3
,

A3 =
p3

(γ − α)(γ − β)
=

W2 − (α+ β)W1 + αβW0

(γ − α)(γ − β)

=
(γW2 + γ2W1 +W0)

2γ + 3

Proof. For the proof, take r = 0, s = 1, t = 1 in [4, Theorem 3 (a)]. □

Next, we give the ordinary generating function
∞∑
n=0

Wnz
n of the sequence Wn.

Lemma 1.1.1. Suppose that fWn
(z) =

∞∑
n=0

Wnz
n is the ordinary generating function

of the generalized Padovan numbers {Wn}n≥0. Then,
∞∑
n=0

Wnz
n is given by

∞∑
n=0

Wnz
n =

W0 +W1z + (W2 −W0)z
2

1− z2 − z3
. (1.7)

Proof. Set r = 0, s = 1, t = 1 in [4, Lemma 9.]. □
Now we define three special cases of the sequence {Wn}. adjusted Padovan sequence

{Un}n≥0 (a variant of the sequence {Pn}), Perrin (Padovan-Lucas) sequence {En}n≥0

(OEIS: A001608, [2]) and Padovan sequence {Pn}n≥0 (OEIS: A000931, [2]) are defined,
respectively, by the third-order recurrence relations

Un+3 = Un+1 + Un, U0 = 0, U1 = 1, U2 = 0, (1.8)

En+3 = En+1 + En, E0 = 3, E1 = 0, E2 = 2, (1.9)

Pn+3 = Pn+1 + Pn, P0 = 1, P1 = 1, P2 = 1. (1.10)

The sequences {Un}n≥0, {En}n≥0 and {Pn}n≥0 can be extended to negative subscripts

4



On Generalized co-Padovan Numbers	 109International Journal of Mathematics, Statistics and Operations ResearchYüksel Soykan

by defining

U−n = −U−(n−1) + U−(n−3),

E−n = −E−(n−1) + E−(n−3),

P−n = −P−(n−1) + P−(n−3),

for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.8)-(1.10) hold for all integer n.
There are several studying on Padovan numbers, see for example [1, 3] and references
thereafter.

For all integers n, Binet’s formula of adjusted Padovan, Perrin (Padovan-Lucas) and
Padovan numbers (using initial conditions (1.4)-(1.6) in Theorem 1.1) can be expressed
as follows:

Theorem 1.2. For all integers n, Binet’s formulas of adjusted Padovan, Perrin
(Padovan-Lucas) and Padovan numbers are

Un =
αn+1

(α− β)(α− γ)
+

βn+1

(β − α)(β − γ)
+

γn+1

(γ − α)(γ − β)

=
αn+2

2α+ 3
+

βn+2

2β + 3
+

γn+2

2γ + 3
,

En = αn + βn + γn,

Pn =
αn+4

(α− β)(α− γ)
+

βn+4

(β − α)(β − γ)
+

γn+4

(γ − α)(γ − β)
,

respectively.

Lemma 1.1.1 gives the following results as particular examples (generating functions
of adjusted Padovan, Perrin (Padovan-Lucas) and Padovan numbers).

Corollary 1.3. Generating functions of adjusted Padovan, Perrin (Padovan-Lucas)
and Padovan numbers are

∞∑
n=0

Unz
n =

z

1− z2 − z3
,

∞∑
n=0

Enz
n =

3− z2

1− z2 − z3
,

∞∑
n=0

Pnz
n =

1 + z

1− z2 − z3
,

respectively.

Now, we present some identities of adjusted Padovan, Perrin (Padovan-Lucas) and
Padovan numbers. First, we can give a few basic relations between {Un} and {En}.

Lemma 1.3.1. The following equalities are true:

(a) En = 2Un+4 + Un+3 − 3Un+2.
(b) En = Un+3 − Un+2 + 2Un+1.
(c) En = −Un+2 + 3Un+1 + Un.

5
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(d) En = 3Un+1 − Un−1.
(e) En = 2Un−1 + 3Un−2.
(f) 23Un = −6En+3 + 4En+4 + 5En+2.
(g) 23Un = −6En+3 + 9En+2 + 4En+1.
(h) 23Un = 9En+2 − 2En+1 − 6En.
(i) 23Un = −2En+1 + 3En + 9En−1.
(j) 23Un = 3En + 7En−1 − 2En−2.

Next, we give a few basic relations between {Un} and {Pn}.

Lemma 1.3.2. The following equalities are true:

(a) Un = Pn+2 − Pn+1.
(b) Un = −Pn+1 + Pn + Pn−1.
(c) Un = Pn − Pn−2.
(d) Pn = Un+1 + Un.
(e) Pn = Un+1 + Un.
(f) Pn = Un + Un−1 + Un−2.

Now, we present a few basic relations between {En} and {Pn}.

Lemma 1.3.3. The following equalities are true:

(a) En = −3Pn+2 + 2Pn+1 + 4Pn.
(b) En = 2Pn+1 + Pn − 3Pn−1.
(c) En = Pn − Pn−1 + 2Pn−2.
(d) 23Pn = 7En+2 + En+1 + 3En.
(e) 23Pn = En+1 + 10En + 7En−1.
(f) 23Pn = 10En + 8En−1 + En−2.

2. Generalized co-Padovan Numbers

If r = 0, s = 1, t = 1, then we get r1 = −1, s1 = 0, t1 = 1. From now on, throughout
the paper, we also use the notation r = 0, s = 1, t = 1 for r1 = −1, s1 = 0, t1 = 1 and
we consider the case r = 0, s = 1, t = 1 to use results in the paper [4].

In this section, we define and investigate a new sequence and its three special cases,
namely the generalized co-adjusted Padovan, co-Perrin (co-Padovan-Lucas) and co-
Padovan numbers. The generalized co-Padovan numbers

{Yn(Y0, Y1, Y2;−1, 0, 1)}n≥0

(or shortly {Yn}n≥0) is defined as follows:

Yn = −Yn−1 + Yn−3, Y0 = d, Y1 = e, Y2 = f, n ≥ 3 (2.1)

where Y0, Y1, Y2 are arbitrary complex (or real) numbers with real coefficients.
The sequence {Yn}n≥0 can be extended to negative subscripts by defining

Y−n = Y−(n−2) + Y−(n−3)

for n = 1, 2, 3, ... when t ̸= 0. Therefore, recurrence (2.1) holds for all integer n.

6
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The first few generalized co-Padovan numbers with positive subscript and negative
subscript are given in the following Table 1.

Table 1. A few generalized co-Padovan numbers
n Yn Y−n

0 Y0 Y0
1 Y1 Y1 + Y2
2 Y2 Y0 + Y1
3 Y0 − Y2 Y0 + Y1 + Y2
4 Y1 − Y0 + Y2 Y0 + 2Y1 + Y2
5 Y0 − Y1 2Y0 + 2Y1 + Y2
6 Y1 − Y2 2Y0 + 3Y1 + 2Y2
7 2Y2 − Y0 3Y0 + 4Y1 + 2Y2
8 2Y0 − Y1 − 2Y2 4Y0 + 5Y1 + 3Y2
9 2Y1 − 2Y0 + Y2 5Y0 + 7Y1 + 4Y2
10 Y0 − 2Y1 + Y2 7Y0 + 9Y1 + 5Y2
11 Y0 + Y1 − 3Y2 9Y0 + 12Y1 + 7Y2
12 Y1 − 3Y0 + 4Y2 12Y0 + 16Y1 + 9Y2
13 4Y0 − 3Y1 − 3Y2 16Y0 + 21Y1 + 12Y2

Remark 2.1. In this paper we will extensively use the paper [4]. Note that in the
notation of [4], here we have r = 0, s = 1, t = 1 and r1 = −1, s1 = 0, t1 = 1. For
simplicity, we can use the result of [4] by taking and replacing r = −1, s = 0, t = 1.

As {Yn} is a third-order recurrence sequence (difference equation), it’s characteristic
equation (cubic equation) is

y3 + y2 − 1 = 0.

The roots of characteristic equation of {Yn} are

θ1 =
−1

3
+


25

54
+


23

108

1/3

+


25

54
−


23

108

1/3

,

θ2 =
−1

3
+ ω


25

54
+


23

108

1/3

+ ω2


25

54
−


23

108

1/3

,

θ3 =
−1

3
+ ω2


25

54
+


23

108

1/3

+ ω


25

54
−


23

108

1/3

,

where

ω =
−1 + i

√
3

2
= exp(2πi/3).

There are the following relations between the roots of characteristic equation:




θ1 + θ2 + θ3 = −1,
θ1θ2 + θ1θ3 + θ2θ3 = 0,

θ1θ2θ3 = 1.

7
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Note that there are an important relation between θ1, θ2, θ3 and α, β, γ:

θ1 = βγ,

θ2 = αβ,

θ3 = αγ.

The sequence {Yn} can be expressed with Binet’s formula. Using the roots of char-
acteristic equation and the recurrence relation of Yn, Binet’s formula of Yn can be
given as follows:

Theorem 2.2. For all integers n, Binet’s formula of generalized co-Padovan numbers
is given as follows:

Yn =
p1θ

n
1

(θ1 − θ2)(θ1 − θ3)
+

p2θ
n
2

(θ2 − θ1)(θ2 − θ3)
+

p3θ
n
3

(θ3 − θ1)(θ3 − θ2)

= A1θ
n
1 +A2θ

n
2 +A3θ

n
3 ,

where

p1 = Y2−(θ2+θ3)Y1+θ2θ3Y0, p2 = Y2−(θ1+θ3)Y1+θ1θ3Y0, p3 = Y2−(θ1+θ2)Y1+θ1θ2Y0,

and

A1 =
p1

(θ1 − θ2)(θ1 − θ3)
=

Y2 − (θ2 + θ3)Y1 + θ2θ3Y0
(θ1 − θ2)(θ1 − θ3)

=
(θ1Y2 + θ1(1 + θ1)Y1 + Y0)

−θ21 + 3
,

A2 =
p2

(θ2 − θ1)(θ2 − θ3)
=

Y2 − (θ1 + θ3)Y1 + θ1θ3Y0
(θ2 − θ1)(θ2 − θ3)

=
(θ2Y2 + θ2(1 + θ2)Y1 + Y0)

−θ22 + 3
,

A3 =
p3

(θ3 − θ1)(θ3 − θ2)
=

Y2 − (θ1 + θ2)Y1 + θ1θ2Y0
(θ3 − θ1)(θ3 − θ2)

=
(θ3Y2 + θ3(1 + θ3)Y1 + Y0)

−θ23 + 3
.

Proof. For the proof, take r = −1, s = 0, t = 1 in [4, Theorem 3 (a)] or r = −1,
s = 0, t = 1 in [4, Theorem 19 (a)]. □

Next, we give the ordinary generating function
∞∑
n=0

Ynz
n of the sequence Yn.

Lemma 2.2.1. Suppose that fYn
(z) =

∞∑
n=0

Ynz
n is the ordinary generating function of

the generalized co-Padovan numbers {Yn}n≥0. Then,
∞∑
n=0

Ynz
n is given by

∞∑
n=0

Ynz
n =

Y0 + (Y1 + Y0)z + (Y2 + Y1)z
2

1 + z − z3
.

8
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Proof. Set r = −1, s = 0, t = 1 in [4, Lemma 9.] or r1 = −1, s1 = 0, t1 = 1 in [4,
Lemma 24.]. □

In this paper, we define and investigate, in detail, three special cases of the general-
ized co-Padovan numbers {Yn} which we call them co-adjusted Padovan, co-Perrin (co-
Padovan-Lucas) and co-Padovan numbers. co-adjusted Padovan numbers {Kn}n≥0,
co-Perrin (co-Padovan-Lucas) numbers {Sn}n≥0 and co-Padovan numbers numbers
{Rn}n≥0 are defined, respectively, by the third-order recurrence relations

Kn+3 = −Kn+2 +Kn, K0 = 0,K1 = 1,K2 = −1, (2.2)

Sn+3 = −Sn+2 + Sn, S0 = 3, S1 = −1, S2 = 1, (2.3)

Rn+3 = −Rn+2 +Rn, R0 = 1, R1 = 0, R2 = −1, (2.4)

i.e,

Kn = −Kn−1 +Kn−3, K0 = 0,K1 = 1,K2 = −1,

Sn = −Sn−1 + Sn−3, S0 = 3, S1 = −1, S2 = 1,

Rn = −Rn−1 +Rn−3, R0 = 1, R1 = 0, R2 = −1.

The sequences {Rn}n≥0, {Kn}n≥0 and {Sn}n≥0 can be extended to negative subscripts
by defining

K−n = K−(n−2) +K−(n−3),

S−n = S−(n−2) + S−(n−3),

R−n = R−(n−2) +R−(n−3).

for n = 1, 2, 3, ... respectively. Therefore, recurrences (2.2)-(2.4) hold for all integers n.
Next, we present the first few values of the co-adjusted Padovan, co-Perrin (co-

Padovan-Lucas) and co-Padovan numbers with positive and negative subscripts.
Table 2. The first few values of the special third-order numbers with positive and

negative subscripts.
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
Kn 0 1 −1 1 0 −1 2 −2 1 1 −3 4 −3 0
K−n 0 0 1 0 1 1 1 2 2 3 4 5 7 9
Sn 3 −1 1 2 −3 4 −2 −1 5 −7 6 −1 −6 12
S−n 3 0 2 3 2 5 5 7 10 12 17 22 29 39
Rn 1 0 −1 2 −2 1 1 −3 4 −3 0 4 −7 7
R−n 1 −1 1 0 0 1 0 1 1 1 2 2 3 4

For all integers n, Binet’s formula of co-adjusted Padovan, co-Perrin (co-Padovan-
Lucas) and co-Padovan numbers (using initial conditions (2.2)-(2.4) in Theorem 2.2)
can be expressed as follows:

Theorem 2.3. For all integers n, Binet’s formulas of co-adjusted Padovan, co-Perrin
(co-Padovan-Lucas) and co-Padovan numbers are

Kn =
θn+1
1

(θ1 − θ2)(θ1 − θ3)
+

θn+1
2

(θ2 − θ1)(θ2 − θ3)
+

θn+1
3

(θ3 − θ1)(θ3 − θ2)

=
θn+2
1

−θ21 + 3
+

θn+2
2

−θ22 + 3
+

θn+2
3

−θ23 + 3
,

9
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and

Sn = θn1 + θn2 + θn3 ,

and

Rn =
θn+4
1

(θ1 − θ2)(θ1 − θ3)
+

θn+4
2

(θ2 − θ1)(θ2 − θ3)
+

θn+4
3

(θ3 − θ1)(θ3 − θ2)

respectively.

Lemma 2.2.1 gives the following results as particular examples (of generating func-
tions of co-adjusted Padovan, co-Perrin (co-Padovan-Lucas) and co-Padovan numbers).

Corollary 2.4. Generating functions of co-adjusted Padovan, co-Perrin (co-Padovan-
Lucas) and co-Padovan numbers are

∞∑
n=0

Knz
n =

z

1 + z − z3
,

∞∑
n=0

Snz
n =

3 + 2z

1 + z − z3
,

∞∑
n=0

Rnz
n =

1 + z − z2

1 + z − z3
,

respectively.

3. Connections between Un, En and Kn, Sn

Sn can be given as follows.

Lemma 3.0.1. For all integers n, we have the following formula for Sn:

Sn = θn1 + θn2 + θn3
= αnβn + αnγn + βnγn.

Proof. Use [4, Lemma 30.]. □
We can present the relations between Kn, Sn and Un, En as follows.

Lemma 3.0.2. For all integers n, we have the following formulas:

(a) Sn = 1
2(E

2
n − E2n).

(b) Kn = U−n−1 and K−n = Un−1.
(c) Sn = E−n and S−n = En.

Proof. Use [4, Lemma 32.]. □

10
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4. Some Identities of Generalized co-Narayana Numbers

In this section, we obtain some identities of co-adjusted Padovan, co-Perrin (co-
Padovan-Lucas) and co-Padovan numbers. First, we can give a few basic relations
between {Kn} and {Sn}.

Lemma 4.0.1. The following equalities are true:

(a) Sn = 3Kn+4 + 5Kn+3 + 2Kn+2.
(b) Sn = 2Kn+3 + 2Kn+2 + 3Kn+1.
(c) Sn = 3Kn+1 + 2Kn.
(d) Sn = 3Kn+1 + 2Kn.
(e) Sn = −Kn + 3Kn−2.
(f) 23Kn = 3Sn+4 + Sn+3 + 7Sn+2.
(g) 23Kn = −2Sn+3 + 7Sn+2 + 3Sn+1.
(h) 23Kn = 9Sn+2 + 3Sn+1 − 2Sn.
(i) 23Kn = −6Sn+1 − 2Sn + 9Sn−1.
(j) 23Kn = 4Sn + 9Sn−1 − 6Sn−2.

Proof. Set Un = Kn, Sn = Sn and r = −1, s = 0, t = 1 in [4, Lemma 36.]. □
Note that all the identities in the above lemma can be proved by induction as well.
Next, we give a few basic relations between {Kn} and {Yn}.

Lemma 4.0.2. The following equalities are true:

(a) (Y 3
2 + Y 3

1 + Y 3
0 + Y 2

1 Y2 + 2Y1Y
2
2 − Y 2

0 Y2 − Y0Y
2
1 − 3Y0Y1Y2)Kn = (−Y 2

1 + Y 2
0 −

Y1Y2)Yn+2 + (Y 2
2 + Y1Y2 − Y0Y1)Yn+1 + (Y 2

1 − Y0Y2)Yn.
(b) (Y 3

2 +Y 3
1 +Y 3

0 +Y 2
1 Y2+2Y1Y

2
2 −Y 2

0 Y2−Y0Y
2
1 − 3Y0Y1Y2)Kn = (Y 2

2 +Y 2
1 −Y 2

0 +
2Y1Y2 − Y0Y1)Yn+1 + (Y 2

1 − Y0Y2)Yn + (−Y 2
1 + Y 2

0 − Y1Y2)Yn−1.
(c) (Y 3

2 +Y 3
1 +Y 3

0 +Y 2
1 Y2+2Y1Y

2
2 −Y 2

0 Y2−Y0Y
2
1 −3Y0Y1Y2)Kn = (−Y 2

2 +Y 2
0 −2Y1Y2−

Y0Y2+Y0Y1)Yn+(−Y 2
1 +Y 2

0 −Y1Y2)Yn−1+(Y 2
2 +Y 2

1 −Y 2
0 +2Y1Y2−Y0Y1)Yn−2.

(d) Yn = (Y2 + Y1)Kn+2 + (Y2 + Y1 + Y0)Kn+1 + (Y1 + Y0)Kn.
(e) Yn = Y0Kn+1 + (Y1 + Y0)Kn + (Y2 + Y1)Kn−1.
(f) Yn = Y1Kn + (Y2 + Y1)Kn−1 + Y0Kn−2.

Proof. Set Wn = Yn, Un = Kn and r = −1, s = 0, t = 1 in [4, Lemma 37.]. □
Now, we present a few basic relations between {Sn} and {Yn}.

Lemma 4.0.3. The following equalities are true:

(a) (Y 3
2 +Y 3

1 +Y 3
0 +Y 2

1 Y2+2Y1Y
2
2 −Y 2

0 Y2−Y0Y
2
1 − 3Y0Y1Y2)Sn = (3Y 2

2 +Y 2
1 −Y 2

0 +
4Y1Y2−3Y0Y1)Yn+2+(2Y 2

2 +3Y 2
1 −3Y0Y2+2Y1Y2−2Y0Y1)Yn+1+(−Y 2

1 +3Y 2
0 −

3Y1Y2 − 2Y0Y2)Yn.
(b) (Y 3

2 + Y 3
1 + Y 3

0 + Y 2
1 Y2 + 2Y1Y

2
2 − Y 2

0 Y2 − Y0Y
2
1 − 3Y0Y1Y2)Sn = (−Y 2

1 − Y 2
2 +

3Y 2
1 +Y 2

0 −3Y0Y2−2Y1Y2+Y0Y1)Yn+1+(3Y 2
0 −3Y1Y2−Y 2

1 −2Y0Y2)Yn+(3Y 2
2 +

Y 2
1 − Y 2

0 + 4Y1Y2 − 3Y0Y1)Yn−1.
(c) (Y 3

2 +Y 3
1 +Y 3

0 +Y 2
1 Y2+2Y1Y

2
2 −Y 2

0 Y2−Y0Y
2
1 −3Y0Y1Y2)Sn = (Y 2

2 −3Y 2
1 +2Y 2

0 −
Y1Y2+Y0Y2−Y0Y1)Yn+(3Y 2

2 +Y 2
1 −Y 2

0 +4Y1Y2− 3Y0Y1)Yn−1+(−Y 2
2 +2Y 2

1 +
Y 2
0 − 2Y1Y2 − 3Y0Y2 + Y0Y1)Yn−2.

(d) 23Yn = (−2Y2 + 7Y1 + 3Y0)Sn+2 + (7Y2 + 10Y1 + Y0)Sn+1 + (3Y2 + Y1 + 7Y0)Sn.
(e) 23Yn = (9Y2 + 3Y1 − 2Y0)Sn+1 + (3Y2 + Y1 + 7Y0)Sn + (−2Y2 + 7Y1 + 3Y0)Sn−1.
(f) 23Yn = (−6Y2− 2Y1+9Y0)Sn+(−2Y2+7Y1+3Y0)Sn−1+(9Y2+3Y1− 2Y0)Sn−2.

11
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Proof. Set Wn = Yn, Sn = Sn, and r = −1, s = 0, t = 1 in [4, Lemma 38.]. □
Next, we give a few basic relations between {Kn} and {Rn}.

Lemma 4.0.4. The following equalities are true:

(a) Kn = Rn+2 +Rn+1 +Rn.
(b) Kn = Rn +Rn−1.
(c) Kn = Rn +Rn−1.
(d) Rn = −Kn+2 +Kn.
(e) Rn = Kn+1 +Kn −Kn−1.
(f) Rn = −Kn−1 +Kn−2.

Proof. Set Yn = Rn in Lemma 4.0.2. □
Now, we present a few basic relations between {Sn} and {Rn}.

Lemma 4.0.5. The following equalities are true:

(a) Sn = 2Rn+2 + 5Rn+1 + 5Rn.
(b) Sn = 3Rn+1 + 5Rn + 2Rn−1.
(c) Sn = 2Rn + 2Rn−1 + 3Rn−2.
(d) 23Rn = 5Sn+2 − 6Sn+1 + 4Sn.
(e) 23Rn = −11Sn+1 + 4Sn + 5Sn−1.
(f) 23Rn = 15Sn + 5Sn−1 − 11Sn−2.

Proof. Set Yn = Rn in Lemma 4.0.3. □
We can present identities between Pn, En, Un and Rn,Kn, Sn by using Lemmas

given above.

Lemma 4.0.6. For all integers n, we have the following formulas:

(a) S−n = −Un+2 + 3Un+1 + Un.
(b) S−n = −3Pn+2 + 2Pn+1 + 4Pn.
(c) K−n = Pn+1 − Pn.
(d) 23K−n = −6En+2 + 9En+1 + 4En.
(e) S−n = 3Un−2 + 2Un−1.
(f) 23K−n = 9En−2 + 3En−1 − 2En.
(g) R−n = −2Pn+2 + 2Pn+1 + Pn.
(h) U−n−1 = Rn+2 +Rn+1 +Rn.
(i) R−n = Un+1 − Un.
(j) 23R−n = −11En+2 + 5En+1 + 15En.
(k) Sn = 1

2((−Un+2 + 3Un+1 + Un)
2 + (U2n+2 − 3U2n+1 − U2n)).

Prof. Use Lemmas 3.0.2, 1.3.1, 1.3.2, 1.3.3, 4.0.1, 4.0.4, 4.0.5. □
Now, we present some identities of generalized co-Tribonacci numbers and its special

cases.

Lemma 4.0.7. Suppose that {Xn}n≥0 = {Xn(X0, X1, X2)}n≥0 is also defined by the
third-order recurrence relations

Xn = −Xn−1 +Xn−3 (4.1)

12
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i.e.,

Xn+3 = −Xn+2 +Xn

with the initial values X0, X1, X2 not all being zero and

X−n = X−(n−2) +X−(n−3)

so that (4.1) is true for all integer n.
Then the following equalities are true:

(a)

(X0X
2
3 +X2

1X4 +X3
2 −X0X2X4 − 2X1X2X3)Yn = q1Xn+2 + q2Xn+1 + q3Xn

where
q1 = (X2

1 −X0X2)Y2 + (X0X3 −X1X2)Y1 + (X2
2 −X1X3)Y0,

q2 = (X0X3 −X1X2)Y2 + (X2
2 −X0X4)Y1 + (X1X4 −X2X3)Y0,

q3 = (X2
2 −X1X3)Y2 + (X1X4 −X2X3)Y1 + (X2

3 −X2X4)Y0.
(b)

(Y0Y
2
3 + Y 2

1 Y4 + Y 3
2 − Y0Y2Y4 − 2Y1Y2Y3)Kn = q4Yn+2 + q5Yn+1 + q6Yn

where
q4 = −Y 2

1 + Y 2
0 − Y1Y2,

q5 = Y 2
2 + Y1Y2 − Y0Y1,

q6 = Y 2
1 − Y0Y2.

(c)

Yn = q7Kn+2 + q8Kn+1 + q9Kn

where
q7 = Y2 + Y1,
q8 = Y2 + Y1 + Y0,
q9 = Y1 + Y0.

(d)

(Y0Y
2
3 + Y 2

1 Y4 + Y 3
2 − Y0Y2Y4 − 2Y1Y2Y3)Sn = q10Yn+2 + q11Yn+1 + q12Yn

where
q10 = 3Y 2

2 + Y 2
1 − Y 2

0 + 4Y1Y2 − 3Y0Y1,
q11 = 2Y 2

2 + 3Y 2
1 + 2Y1Y2 − 3Y0Y2 − 2Y0Y1,

q12 = −Y 2
1 + 3Y 2

0 − 3Y1Y2 − 2Y0Y2.
(e)

23Yn = q13Sn+2 + q14Sn+1 + q15Sn

where
q13 = −2Y2 + 7Y1 + 3Y0,
q14 = 7Y2 + 10Y1 + Y0,

13
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q15 = 3Y2 + (Y1 + 7Y0.

Proof.

(a) Writing

Yn = q1 ×Xn+2 + q2 ×Xn+1 + q3 ×Xn

and solving the system of equations

Y0 = q1 ×X2 + q2 ×X1 + q3 ×X0

Y1 = q1 ×X3 + q2 ×X2 + q3 ×X1

Y2 = q1 ×X4 + q2 ×X3 + q3 ×X2

we find the required identity.
(b) Replace Yn and Xn with Kn and Yn, respectively in (a).
(c) Replace Xn with Kn in (a).
(d) Replace Yn and Xn with Sn and Yn, respectively in (a).
(e) Replace Xn with Sn in (a). □

5. Simson’s Formulas of co-Padovan Numbers

The following theorem gives Simson’s formula of the generalized co-Padovan numbers
{Yn}.

Theorem 5.1 (Simson’s Formula of Generalized co-Padovan Numbers). For all inte-
gers n, we have

∣∣∣∣∣∣
Yn+2 Yn+1 Yn
Yn+1 Yn Yn−1

Yn Yn−1 Yn−2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
Y2 Y1 Y0
Y1 Y0 Y−1

Y0 Y−1 Y−2

∣∣∣∣∣∣

=

∣∣∣∣∣∣
Y2 Y1 Y0
Y1 Y0 Y2 + Y1
Y0 Y2 + Y1 Y1 + Y0

∣∣∣∣∣∣

Proof. Set Wn = Yn and r = −1, s = 0, t = 1 in [4, Theorem 33.]. □
The previous theorem gives the following results as particular examples.

Corollary 5.2. For all integers n, co-adjusted Padovan, co-Perrin (co-Padovan-

14
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Lucas) and co-Padovan are given as

∣∣∣∣∣∣
Kn+2 Kn+1 Kn

Kn+1 Kn Kn−1

Kn Kn−1 Kn−2

∣∣∣∣∣∣
= −1,

∣∣∣∣∣∣
Sn+2 Sn+1 Sn

Sn+1 Sn Sn−1

Sn Sn−1 Sn−2

∣∣∣∣∣∣
= −23,

∣∣∣∣∣∣
Rn+2 Rn+1 Rn

Rn+1 Rn Rn−1

Rn Rn−1 Rn−2

∣∣∣∣∣∣
= −1,

respectively.

Proof. Set Yn = Rn, Yn = Kn and Yn = Sn in Theorem 5.1, respectively. □

6. Recurrence Properties of Generalized co-Padovan Numbers

The generalized co-Tribonacci numbers Wn at negative indices can be expressed by
the sequence itself at positive indices.

Theorem 6.1. For n ∈ Z, we have

Y−n = Y2n − SnYn +
1

2
(S2

n − S2n)Y0.

Proof. Set Wn = Yn, Hn = Sn and r = −1, s = 0, t = 1 in [4, Theorem 39.]. □
As special cases of the above Theorem, we have the following Corollary.

Corollary 6.2. For n ∈ Z, we have

(a) K−n = −2K2
n +K2n − 3Kn+1Kn.

(b) S−n =
1

2
(S2

n − S2n).

(c) R−n = R2n − SnRn + 1
2(S

2
n − S2n).

= 1
2(4R

2
n+2 + 25R2

n+1 + 15R2
n − 2R2n+2 − 5R2n+1 − 3R2n + 20Rn+1Rn+2 +

16RnRn+2 + 40RnRn+1).

Proof. For (a) and (b) take r = −1, s = 0, t = 1, and Gn = Kn and Hn =
Sn,respectively, in [9.2, Corollary 42.] or set Yn = Kn and Yn = Sn, respectively,
in Theorem 6.1. For (c) take Yn = Rn in Theorem 6.1 and use the identity Sn =
2Rn+2 + 5Rn+1 + 5Rn which is given in Lemma 4.0.5. □

The last Corollary can be written in the following form by using Lemma 3.0.2.

Corollary 6.3. For n ∈ Z, we have

(a) Un−1 = −2K2
n +K2n − 3Kn+1Kn.

(b) En =
1

2
(S2

n − S2n).

Proof. Use Lemma 3.0.2 and Corollary 6.2. □

15
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7. Sum Formulas
n∑

k=0

Yk,
n∑

k=0

Y2k,
n∑

k=0

Y2k+1,
n∑

k=0

Y−k,
n∑

k=0

Y−2k,
n∑

k=0

Y−2k+1

and Generating Functions
∑∞

n=0 Ynz
n,

∑∞
n=0 Y2nz

n,
∑∞

n=0 Y2n+1z
n,∑∞

n=0 Y−nz
n,

∑∞
n=0 Y−2nz

n,
∑∞

n=0 Y−2n+1z
n of Generalized

co-Padovan Numbers

Next, we present sum formulas of generalized co-Padovan numbers

Theorem 7.1. For n ≥ 0, we have the following sum formulas for generalized co-
Padovan numbers:

(a)
n∑

k=0

Yk = −Yn+2 − 2Yn+1 − Yn + Y2 + 2Y1 + 2Y0.

(b)
n∑

k=0

Y2k = −Y2n+2 − Y2n+1 + Y2 + Y1 + Y0.

(c)
n∑

k=0

Y2k+1 = −Y2n + Y1 + Y0.

(d)
n∑

k=0

Y−k = Y−n+2 + 2Y−n+1 + 2Y−n − Y2 − 2Y1 − Y0.

(e)
n∑

k=0

Y−2k = Y−2n−1 + Y−2n − Y2 − Y1.

(f)
n∑

k=0

Y−2k+1 = Y−2n−2 − Y0.

Proof.

(a) Set Wn = Yn, r = −1, s = 0, t = 1 and z = 1 in [4, Theorem 62 (a) (i)].
(b) Set Wn = Yn, r = −1, s = 0, t = 1 and z = 1 in [4, Theorem 62 (b) (i)].
(c) Set Wn = Yn, r = −1, s = 0, t = 1 and z = 1 in [4, Theorem 62 (c) (i)].
(d) Set Wn = Yn, r = −1, s = 0, t = 1 and z = 1 in [4, Theorem 62 (d) (i)].
(e) Set Wn = Yn, r = −1, s = 0, t = 1 and z = 1 in [4, Theorem 62 (e) (i)].
(f) Set Wn = Yn, r = −1, s = 0, t = 1 and z = 1 in [4, Theorem 62 (f) (i)]. □

From the last Theorem, we have the following Corollary which gives sum formulas
of co-adjusted Padovan numbers (take Yn = Kn with K0 = 0,K1 = 1,K2 = −1).

Corollary 7.2. For n ≥ 0, co-adjusted Padovan numbers have the following proper-
ties.

(a)
n∑

k=0

Kk = −Kn+2 − 2Kn+1 −Kn + 1.

(b)
n∑

k=0

K2k = −K2n+2 −K2n+1.

(c)
n∑

k=0

K2k+1 = −K2n + 1.

(d)
n∑

k=0

K−k = K−n+2 + 2K−n+1 + 2K−n − 1.

(e)
n∑

k=0

K−2k = K−2n−1 +K−2n.

(f)
n∑

k=0

K−2k+1 = K−2n−2.

16
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Taking Yn = Sn with S0 = 3, S1 = −1, S2 = 1 in the last Theorem, we have
the following Corollary which gives sum formulas of co-Perrin (co-Padovan-Lucas)
numbers.

Corollary 7.3. For n ≥ 0, co-Perrin (co-Padovan-Lucas) numbers have the following
properties:

(a)
n∑

k=0

Sk = −Sn+2 − 2Sn+1 − Sn + 5.

(b)
n∑

k=0

S2k = −S2n+2 − S2n+1 + 3.

(c)
n∑

k=0

S2k+1 = −S2n + 2.

(d)
n∑

k=0

S−k = S−n+2 + 2S−n+1 + 2S−n − 2.

(e)
n∑

k=0

S−2k = S−2n−1 + S−2n.

(f)
n∑

k=0

S−2k+1 = S−2n−2 − 3.

From the last Theorem, we have the following Corollary which gives sum formulas
of co-Padovan numbers (take Yn = Rn with R0 = 1, R1 = 0, R2 = −1).

Corollary 7.4. For n ≥ 0, co-Padovan numbers have the following properties.

(a)
n∑

k=0

Rk = −Rn+2 − 2Rn+1 −Rn + 1.

(b)
n∑

k=0

R2k = −R2n+2 −R2n+1.

(c)
n∑

k=0

R2k+1 = −R2n +R1 + 1.

(d)
n∑

k=0

R−k = R−n+2 + 2R−n+1 + 2R−n.

(e)
n∑

k=0

R−2k = R−2n−1 +R−2n + 1.

(f)
n∑

k=0

R−2k+1 = R−2n−2 − 1.

Next, we give the ordinary generating function of special cases of the generalized
co-Padovan numbers {Ymn+j}.

Corollary 7.5. The ordinary generating functions of the sequences Yn, Y2n, Y2n+1,
Y−n, Y−2n, Y−2n+1 are given as follows:

(a) (|z| < min{|θ1|−1 , |θ2|−1 , |θ3|−1} = |θ2|−1 = |θ3|−1 ≃ 0.868836).

∞∑
n=0

Ynz
n =

(Y2 + Y1)z
2 + (Y1 + Y0)z + Y0

−z3 + z + 1

17
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(b) (|z| < min{|θ1|−2 , |θ2|−2 , |θ3|−2} = |θ2|−2 = |θ3|−2} ≃ 0.754877).

∞∑
n=0

Y2nz
n =

(Y1 + Y0)z
2 + (Y2 − Y0)z + Y0

−z3 + 2z2 − z + 1

(c) (|z| < min{|θ1|−2 , |θ2|−2 , |θ3|−2} = |θ2|−2 = |θ3|−2} ≃ 0.754877).

∞∑
n=0

Y2n+1z
n =

(Y2 + Y1)z
2 + (−Y2 − Y1 + Y0)z + Y1
−z3 + 2z2 − z + 1

(d) (|z| < min{|θ1| , |θ2| , |θ3|} = |θ1| ≃ 0.754877).

∞∑
n=0

Y−nz
n =

Y1z
2 + (Y2 + Y1)z + Y0
−z3 − z2 + 1

(e) (|z| < min{|θ1|2 , |θ2|2 , |θ3|2} = |θ1|2 ≃ 0.569840).

∞∑
n=0

Y−2nz
n =

Y2z
2 + (Y1 − Y0)z + Y0
−z3 + z2 − 2z + 1

(f) (|z| < min{|θ1|2 , |θ2|2 , |θ3|2} = |θ1|2 ≃ 0.569840).

∞∑
n=0

Y−2n+1z
n =

(−Y2 + Y0)z
2 + (Y2 − Y1)z + Y1

−z3 + z2 − 2z + 1

Proof. Set Wn = Yn and r = −1, s = 0, t = 1 in [4, Corollary 67.]. □
Now, we consider special cases of the last corollary.

Corollary 7.6. The ordinary generating functions of special cases of the generalized
co-Padocan numbers are given as follows:

(a) (|z| < |θ2|−1 = |θ3|−1 ≃ 0.868836).

∞∑
n=0

Knz
n =

z

−z3 + z + 1

∞∑
n=0

Snz
n =

2z + 3

−z3 + z + 1

∞∑
n=0

Rnz
n =

−z2 + z + 1

−z3 + z + 1

18
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(b) (|z| < |θ2|−2 = |θ3|−2} ≃ 0.754877).

∞∑
n=0

K2nz
n =

z2 − z

−z3 + 2z2 − z + 1

∞∑
n=0

S2nz
n =

2z2 − 2z + 3

−z3 + 2z2 − z + 1

∞∑
n=0

R2nz
n =

z2 − 2z + 1

−z3 + 2z2 − z + 1

(c) (|z| < |θ2|−2 = |θ3|−2} ≃ 0.754877).

∞∑
n=0

K2n+1z
n =

1

−z3 + 2z2 − z + 1

∞∑
n=0

S2n+1z
n =

3z − 1

−z3 + 2z2 − z + 1

∞∑
n=0

R2n+1z
n =

2z − z2

−z3 + 2z2 − z + 1

(d) (|z| < |θ1| ≃ 0.754877).

∞∑
n=0

K−nz
n =

−z2

z3 + z2 − 1

∞∑
n=0

S−nz
n =

z2 − 3

z3 + z2 − 1

∞∑
n=0

R−nz
n =

z − 1

z3 + z2 − 1

(e) (|z| < |θ1|2 ≃ 0.569840).

∞∑
n=0

K−2nz
n =

z2 − z

z3 − z2 + 2z − 1

∞∑
n=0

S−2nz
n =

−z2 + 4z − 3

z3 − z2 + 2z − 1

∞∑
n=0

R−2nz
n =

z2 + z − 1

z3 − z2 + 2z − 1

19
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(f) (|z| < |θ1|2 ≃ 0.569840).

∞∑
n=0

K−2n+1z
n =

−z2 + 2z − 1

z3 − z2 + 2z − 1

∞∑
n=0

S−2n+1z
n =

−2z2 − 2z + 1

z3 − z2 + 2z − 1

∞∑
n=0

R−2n+1z
n =

−2z2 + z

z3 − z2 + 2z − 1

From the last corollary, we obtain the following results for special cases of z.

Corollary 7.7. We have the following infinite sums .

(a) z =
1

2
.

∞∑
n=0

Kn

2n
=

4

11
,

∞∑
n=0

Sn

2n
=

32

11
,

∞∑
n=0

Rn

2n
=

10

11
.

(b) z =
1

2
.

∞∑
n=0

K2n

2n
= −2

7
,

∞∑
n=0

S2n

2n
=

20

7
,

∞∑
n=0

R2n

2n
=

2

7
.

(c) z =
1

2
.

∞∑
n=0

K2n+1

2n
=

8

7
,

∞∑
n=0

S2n+1

2n
=

4

7
,

∞∑
n=0

R2n+1

2n
=

6

7
.
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(d) z =
1

2
.

∞∑
n=0

K−n

2n
=

2

5
,

∞∑
n=0

S−n

2n
=

22

5
,

∞∑
n=0

R−n

2n
=

4

5
.

(e) z =
1

2
.

∞∑
n=0

K−2n

2n
= 2,

∞∑
n=0

S−2n

2n
= 10,

∞∑
n=0

R−2n

2n
= 2.

(f) z =
1

2
.

∞∑
n=0

K−2n+1

2n
= 2,

∞∑
n=0

S−2n+1

2n
= 4,

∞∑
n=0

R−2n+1

2n
= 0.

8. Sum Formulas
∑n

k=0 z
kY 2

k ,
∑n

k=0 z
kYk+1Yk,

∑n
k=0 z

kYk+2Yk and
Generating Functions

∑∞
n=0 Y

2
n zn,

∑∞
n=0 Yn+1Ynz

n,
∑∞

n=0 Yn+2Ynz
n

of Generalized co-padovan Numbers Numbers

Next, we present sum formulas of generalized co-Padovan Numbers numbers.

Theorem 8.1. For n ≥ 0, we have the following sum formulas for generalized co-
Padovan Numbers numbers:

(a)
n∑

k=0

Y 2
k = Y 2

n+3 − 2Yn+1Yn+3 − 2Yn+1Yn+2 − Y 2
2 + 2Y0Y2 + 2Y0Y1.

(b)
n∑

k=0

Yk+1Yk = −Y 2
n+3 − Y 2

n+2 − Y 2
n+1 − Yn+2Yn+3 + Yn+1Yn+3 + Y 2

2 + Y 2
1 + Y 2

0 +

Y1Y2 − Y0Y2.
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(c)
n∑

k=0

Yk+2Yk = −Yn+1Yn+3 − Yn+1Yn+2 + Y0Y2 + Y0Y1.

Proof.
Note that characteristic equation of the third-order recurrence sequence Yn is the

cubic equation y3 + y2 − 1 = 0 whose roots are θ1, θ2, θ3 with θ1 ̸= θ2 ̸= θ3. In [5,
Theorem 2.1]), for r = −1, s = 0, t =, we get

Γ(z) = (−t2z3 + sz + rtz2 + 1)(r2z − s2z2 + t2z3 + 2sz + 2rtz2 − 1)

= (z3 + z2 − 1)(−z3 + 2z2 − z + 1)

= −z6 + z5 + z4 + z3 − z2 + z − 1

and Γ(1) ̸= 0.

(a) Set Wn = Yn, r = −1, s = 0, t = 1 and z = 1 in [5, Theorem 2.1 (a) (i)] or in [6 ,
Theorem 2.1 (a) (i)].

(b) Set Wn = Yn, r = −1, s = 0, t = 1 and z = 1 in [5, Theorem 2.1 (b) (i)] or in [6 ,
Theorem 2.1 (b) (i)].

(c) Set Wn = Yn, r = −1, s = 0, t = 1 and z = 1 in [5, Theorem 2.1 (c) (i)] or in [6 ,
Theorem 2.1 (c) (i)]. □

From the last Theorem, we have the following Corollary which gives sum formulas
of co-adjusted Padovan numbers (take Yn = Kn with K0 = 0,K1 = 1,K2 = −1).

Corollary 8.2. For n ≥ 0, co-adjusted Padovan numbers have the following proper-
ties.

(a)
n∑

k=0

K2
k = K2

n+3 − 2Kn+1Kn+3 − 2Kn+1Kn+2 − 1.

(b)
n∑

k=0

Kk+1Kk = −K2
n+3 −K2

n+2 −K2
n+1 −Kn+2Kn+3 +Kn+1Kn+3 + 1.

(c)
n∑

k=0

Kk+2Kk = −Kn+1Kn+3 −Kn+1Kn+2.

Taking Yn = Sn with S0 = 3, S1 = −1, S2 = 1 in the last Theorem, we have
the following Corollary which gives sum formulas of co-Perrin (co-Padovan-Lucas)
numbers.

Corollary 8.3. For n ≥ 0, co-Perrin (co-Padovan-Lucas) numbers have the following
properties:

(a)
n∑

k=0

S2
k = S2

n+3 − 2Sn+1Sn+3 − 2Sn+1Sn+2 − 1.

(b)
n∑

k=0

Sk+1Sk = −S2
n+3 − S2

n+2 − S2
n+1 − Sn+2Sn+3 + Sn+1Sn+3 + 7.

(c)
n∑

k=0

Sk+2Sk = −Sn+1Sn+3 − Sn+1Sn+2.

From the last Theorem, we have the following Corollary which gives sum formulas
of co-Padovan numbers (take Yn = Rn with R0 = 1, R1 = 0, R2 = −1).

Corollary 8.4. For n ≥ 0, co-Padovan numbers have the following properties.
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(a)
n∑

k=0

R2
k = R2

n+3 − 2Rn+1Rn+3 − 2Rn+1Rn+2 − 3.

(b)
n∑

k=0

Rk+1Rk = −R2
n+3 −R2

n+2 −R2
n+1 −Rn+2Rn+3 +Rn+1Rn+3 + 3.

(c)
n∑

k=0

Rk+2Rk = −Rn+1Rn+3 −Rn+1Rn+2 − 1.

Next, we give the ordinary generating functions
∞∑
n=0

Y 2
n z

n,

∞∑
n=0

Yn+1Ynz
n,

∞∑
n=0

Yn+2Ynz
n of the sequences {Y 2

n }, {Yn+1Yn}, {Yn+2Yn}.

Theorem 8.5. Assume that |z| < min{|θ1|−2 , |θ2|−2 , |θ3|−2 , |θ1θ2|−1 , |θ1θ3|−1 , |θ2θ3|−1} =
|θ2θ3|−1 = |θ3|−2 = |θ2|−2 ≃ 0.754877. Then the ordinary generating functions of the
sequences {Y 2

n }, {Yn+1Yn}, {Yn+2Yn} are given as follows:

(a)
∞∑
n=0

Y 2
n z

n =
1

−z6 + z5 + z4 + z3 − z2 + z − 1
(z5(Y1+Y2)

2+z4(Y 2
0 +2Y1Y0−Y 2

2 −

2Y1Y2) + z3(2Y0Y2 − Y 2
1 )− z2(Y 2

2 − Y 2
1 + Y 2

0 ) + z(Y 2
0 − Y 2

1 )− Y 2
0 ).

(b)
∞∑
n=0

Yn+1Ynz
n =

1

−z6 + z5 + z4 + z3 − z2 + z − 1
(z5Y0(Y1+Y2)+z4Y1(Y1+Y2)+

z3Y0(Y0 − Y2)− z2 (Y1 + Y2) (Y0 − Y2) + zY1(Y0 − Y2)− Y0Y1).

(c)
∞∑
n=0

Yn+2Ynz
n =

1

−z6 + z5 + z4 + z3 − z2 + z − 1
(z5Y1(Y1 + Y2) + z4(Y 2

0 − Y 2
1 +

Y0Y1−Y1Y2)+ z3(Y 2
2 −Y 2

0 +Y1Y2+Y0Y2)+ z2(−Y 2
2 − 2Y1Y2+Y0Y1)+ z(Y1Y2+

Y0Y2 − Y0Y1)− Y0Y2).

Proof. Set Wn = Yn and r = −1, s = 0, t = 1 in [5 , Theorem 3.1] or in [6, Theorem
3.1]. □

Now, we consider special cases of the last Theorem.

Corollary 8.6. Assume that |z| < |θ2θ3|−1 = |θ3|−2 = |θ2|−2 ≃ 0.754877. The ordi-
nary generating functions of the sequences {K2

n}, {Kn+1Kn}, {Kn+2Kn} and {S2
n},

{Sn+1Sn}, {Sn+2Sn} and {R2
n}, {Rn+1Rn}, {Rn+2Rn} are given as follows:

(a)

∞∑
n=0

K2
nz

n =
z4 − z3 − z

−z6 + z5 + z4 + z3 − z2 + z − 1
,

∞∑
n=0

S2
nz

n =
4z4 + 5z3 − 9z2 + 8z − 9

−z6 + z5 + z4 + z3 − z2 + z − 1
,

∞∑
n=0

R2
nz

n =
z5 − 2z3 − 2z2 + z − 1

−z6 + z5 + z4 + z3 − z2 + z − 1
.
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(b)

∞∑
n=0

Kn+1Knz
n =

z

−z6 + z5 + z4 + z3 − z2 + z − 1
,

∞∑
n=0

Sn+1Snz
n =

6z3 − 2z + 3

−z6 + z5 + z4 + z3 − z2 + z − 1
,

∞∑
n=0

Rn+1Rnz
n =

−z5 + 2z3 + 2z2

−z6 + z5 + z4 + z3 − z2 + z − 1
.

(c)

∞∑
n=0

Kn+2Knz
n =

z2 − z

−z6 + z5 + z4 + z3 − z2 + z − 1
,

∞∑
n=0

Sn+2Snz
n =

6z4 − 6z3 − 2z2 + 5z − 3

−z6 + z5 + z4 + z3 − z2 + z − 1
,

∞∑
n=0

Rn+2Rnz
n =

z4 − z3 − z2 − z + 1

−z6 + z5 + z4 + z3 − z2 + z − 1
.

From the last corollary, we obtain the following results for special cases of z.

Corollary 8.7. Some infinite sums of {K2
n}, {Kn+1Kn}, {Kn+2Kn} and {S2

n},
{Sn+1Sn}, {Sn+2Sn} and {R2

n}, {Rn+1Rn}, {Rn+2Rn} are given as follows:

(a) z = 1
2 .

∞∑
n=0

K2
n

2n
=

36

35
,

∞∑
n=0

S2
n

2n
=

408

35
,

∞∑
n=0

R2
n

2n
=

78

35
.

(b) z = 1
2 .

∞∑
n=0

Kn+1Kn

2n
= −32

35
,

∞∑
n=0

Sn+1Sn

2n
= −176

35
,

∞∑
n=0

Rn+1Rn

2n
= −46

35
.
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(c) z = 1
2 .

∞
n=0

Kn+2Kn

2n
=

16

35
,

∞
n=0

Sn+2Sn

2n
=

88

35
,

∞
n=0

Rn+2Rn

2n
= −12

35
.

9. Generalized co-Padovan Numbers by Matrix Methods

In this section, we present matrix representations of the sequence Yn,Kn and Sn. We
also introduce Simson matrix and investigate its properties.

9.1. Matrix Representations of the Sequences Yn,Kn, Sn and Rn

We define the square matrix A of order 3 as:

A =




−1 0 1
1 0 0
0 1 0




such that detA = 1. Some properties of matrix An can be given as

An = −An−1 + tAn−3,

An+m = AnAm = AmAn,

for all integers m and n. Note that we have the following formulas:




Yn+2

Yn+1

Yn


 =




−1 0 1
1 0 0
0 1 0







Yn+1

Yn
Yn−1


 ,

and




Yn+2

Yn+1

Yn


 =




−1 0 1
1 0 0
0 1 0




n


Y2
Y1
Y0


 ,

and




Kn+2

Kn+1

Kn


 =




−1 0 1
1 0 0
0 1 0







Kn+1

Kn

Kn−1


 .
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We also define

Bn =




Kn+1 Kn−1 Kn

Kn Kn−2 Kn−1

Kn−1 Kn−3 Kn−2




and

Dn =




Yn+1 Yn−1 Yn
Yn Yn−2 Yn−1

Yn−1 Yn−3 Yn−2


 .

Theorem 9.1. For all integers m,n, we have the following properties:

(a) Bn = An, i.e.,




−1 0 1
1 0 0
0 1 0




n

=




Kn+1 Kn−1 Kn

Kn Kn−2 Kn−1

Kn−1 Kn−3 Kn−2


 .

(b) D1A
n = AnD1.

(c) Dn+m = DnBm = BmDn, i.e.,




Yn+m+1 Yn+m−1 Yn+m

Yn+m Yn+m−2 Yn+m−1

Yn+m−1 Yn+m−3 Yn+m−2




=




Yn+1 Yn−1 Yn
Yn Yn−2 Yn−1

Yn−1 Yn−3 Yn−2







Km+1 Km−1 Km

Km Km−2 Km−1

Km−1 Km−3 Km−2




=




Km+1 Km−1 Km

Km Km−2 Km−1

Km−1 Km−3 Km−2







Yn+1 Yn−1 Yn
Yn Yn−2 Yn−1

Yn−1 Yn−3 Yn−2


 .

(d)

An = Kn−1A
2 +Kn−3A+Kn−2I,

i.e.,
An = (Kn+2 +Kn+1)A

2 + (Kn+2 +Kn+1 +Kn)A+ (Kn+1 +Kn)I
that is,
An = Kn+2(A

2 +A) +Kn+1(A
2 +A+ I) +Kn(A+ I)

where

I =




1 0 0
0 1 0
0 0 1


 .

Proof. Set Wn = Yn, Gn = Kn and r = −1, s = 0, t = 1 in [4, Theorem 51.]. □
Next, we present matrix formulas for the generalized co-Padovan,co-Perrin (co-

Padovan-Lucas) and co-Padovan numbers.
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Corollary 9.2. For all integers n, we have the following formulas for generalized
co-Padovan,co-Perrin (co-Padovan-Lucas) and co-Padovan numbers.

(a) Generalized co-Padovan numbers.




−1 0 1
1 0 0
0 1 0




n

=
1

ΛY (0)




a11 a12 a13
a21 a22 a23
a31 a32 a33




where
a11 = (−Y 2

1 + Y 2
0 − Y1Y2)Yn+3 + (Y 2

2 + Y1Y2 − Y0Y1)Yn+2 + (Y 2
1 − Y0Y2)Yn+1

a21 = (−Y 2
1 + Y 2

0 − Y1Y2)Yn+2 + (Y 2
2 + Y1Y2 − Y0Y1)Yn+1 + (Y 2

1 − Y0Y2)Yn
a31 = (−Y 2

1 + Y 2
0 − Y1Y2)Yn+1 + (Y 2

2 + Y1Y2 − Y0Y1)Yn + (Y 2
1 − Y0Y2)Yn−1

a12 = (−Y 2
1 + Y 2

0 − Y1Y2)Yn+1 + (Y 2
2 + Y1Y2 − Y0Y1)Yn + (Y 2

1 − Y0Y2)Yn−1

a22 = (−Y 2
1 + Y 2

0 − Y1Y2)Yn + (Y 2
2 + Y1Y2 − Y0Y1)Yn−1 + (Y 2

1 − Y0Y2)Yn−2

a32 = (−Y 2
1 + Y 2

0 − Y1Y2)Yn−1 + (Y 2
2 + Y1Y2 − Y0Y1)Yn−2 + (Y 2

1 − Y0Y2)Yn−3

a13 = (−Y 2
1 + Y 2

0 − Y1Y2)Yn+2 + (Y 2
2 + Y1Y2 − Y0Y1)Yn+1 + (Y 2

1 − Y0Y2)Yn
a23 = (−Y 2

1 + Y 2
0 − Y1Y2)Yn+1 + (Y 2

2 + Y1Y2 − Y0Y1)Yn + (Y 2
1 − Y0Y2)Yn−1

a33 = (−Y 2
1 + Y 2

0 − Y1Y2)Yn + (Y 2
2 + Y1Y2 − Y0Y1)Yn−1 + (Y 2

1 − Y0Y2)Yn−2

and
ΛY (0) = Y 3

2 + Y 3
1 + Y 3

0 + 2Y1Y
2
2 + Y2Y

2
1 − Y0Y

2
1 − Y 2

0 Y2 − 3Y2Y1Y0.
(b) co-Perrin (co-Padovan-Lucas) numbers.




−1 0 1
1 0 0
0 1 0




n

=
1

23




9Sn+3 + 3Sn+2 − 2Sn+1 9Sn+1 + 3Sn − 2Sn−1 9Sn+2 + 3Sn+1 − 2Sn

9Sn+2 + 3Sn+1 − 2Sn 9Sn + 3Sn−1 − 2Sn−2 9Sn+1 + 3Sn − 2Sn−1

9Sn+1 + 3Sn − 2Sn−1 9Sn−1 + 3Sn−2 − 2Sn−3 9Sn + 3Sn−1 − 2Sn−2


 .

(c) co-Padovan numbers.




−1 0 1
1 0 0
0 1 0




n

=




Rn+3 +Rn+2 +Rn+1 Rn+1 +Rn +Rn−1 Rn+2 +Rn+1 +Rn

Rn+2 +Rn+1 +Rn Rn +Rn−1 +Rn−2 Rn+1 +Rn−1 +Rn

Rn+1 +Rn +Rn−1 Rn−1 +Rn−2 +Rn−3 Rn +Rn−1 +Rn−2


 .

Proof. Set Wn = Yn, r = −1, s = 0, t = 1 and then Yn = Kn and Yn = Rn,
respectively, in [4, Corollary 52.]. □

Now, we present an identity for Yn+m.

Theorem 9.3. (Honsberger’s Identity) For all integers m and n, we have

Yn+m = YnKm+1 + Yn−1Km−1 + Yn−2Km

= YnKm+1 + Yn−2Km + Yn−1Km−1.

Proof. Set Wn = Yn, r = −1, s = 0, t = 1 and then Gn = Kn in [4, Theorem 53.].
□

As special cases of the last Theorem, we have the following corollary.
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Corollary 9.4. For all integers m,n, we have the following properties:

Kn+m = KnKm+1 +Kn−1Km−1 +Kn−2Km,

Sn+m = SnKm+1 + Sn−1Km−1 + Sn−2Km,

Yn+m = YnKm+1 + Yn−1Km−1 + Yn−2Km

Next, we present identies for Ymn+j and its special cases.

Corollary 9.5. For all integers m,n, j, we have the following properties:

Ymn+j = Kmn−1Yj+2 +Kmn−3Yj+1 +Kmn−2Yj ,

Kmn+j = Kmn−1Kj+2 +Kmn−3Kj+1 +Kmn−2Kj ,

Smn+j = Kmn−1Sj+2 +Kmn−3Sj+1 +Kmn−2Sj ,

Rmn+j = Kmn−1Rj+2 +Kmn−3Rj+1 +Kmn−2Rj

Proof. Set r = −1, s = 0, t = 1 and Wn = Yn, then take Yn = Kn, Yn = Sn and
Yn = Rn, respectively,in [4, Corollary 55.]. □

9.2. Simson Matrix and its Properties

For n ∈ Z, we define

fY (n) =




Yn+2 Yn+1 Yn
Yn+1 Yn Yn−1

Yn Yn−1 Yn−2


 .

We call this matrix as Simson matrix of the sequence Yn. Similarly, as special cases of
Yn, Simson matrices of the sequences Kn and Sn are

fK(n) =




Kn+2 Kn+1 Kn

Kn+1 Kn Kn−1

Kn Kn−1 Kn−2


 and fS(n) =




Sn+2 Sn+1 Sn

Sn+1 Sn Sn−1

Sn Sn−1 Sn−2




,

respectively.

Lemma 9.5.1. For all integers n,m and j, the followings hold.

(a) fY (n) = rfY (n− 1) + sfY (n− 2) + tfY (n− 3).
(b) fY (n) = AfY (n− 1) and fY (n) = AnfY (0), i.e.,




Yn+2 Yn+1 Yn
Yn+1 Yn Yn−1

Yn Yn−1 Yn−2


 =




−1 0 1
1 0 0
0 1 0







Yn+1 Yn Yn−1

Yn Yn−1 Yn−2

Yn−1 Yn−2 Yn−3



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and




Yn+2 Yn+1 Yn
Yn+1 Yn Yn−1

Yn Yn−1 Yn−2


 =




−1 0 1
1 0 0
0 1 0




n


Y2 Y1 Y0
Y1 Y0 Y−1

Y0 Y−1 Y−2


 .

(c) fY (n+m) = AnfY (m) and fY (n+m) = AmfY (n) i.e.,




Yn+m+2 Yn+m+1 Yn+m

Yn+m+1 Yn+m Yn+m−1

Yn+m Yn+m−1 Yn+m−2


 =




−1 0 1
1 0 0
0 1 0




n


Ym+2 Ym+1 Ym
Ym+1 Ym Ym−1

Ym Ym−1 Ym−2


 ,

and




Ym+n+2 Ym+n+1 Ym+n

Ym+n+1 Ym+n Ym+n−1

Ym+n Ym+n−1 Ym+n−2


 =




−1 0 1
1 0 0
0 1 0




m


Yn+2 Yn+1 Yn
Yn+1 Yn Yn−1

Yn Yn−1 Yn−2


 ,

and fY (n) = AmfY (n−m), i.e.,




Yn+2 Yn+1 Yn
Yn+1 Yn Yn−1

Yn Yn−1 Yn−2


 =




−1 0 1
1 0 0
0 1 0




m


Yn−m+2 Yn−m+1 Yn−m

Yn−m+1 Yn−m Yn−m−1

Yn−m Yn−m−1 Yn−m−2


 .

Proof. Set Wn = Yn and r = −1, s = 0, t = 1 in [4 , Lemma 56.]. □
Taking the determinant of both sides of the identities given in the last Lemma, we

obtain the following Theorem.

Theorem 9.6. For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det(fY (n+m)) = det(fY (m)) and det(fY (n)) = det(fY (n−m)),

i.e.,


Yn+m+2 Yn+m+1 Yn+m

Yn+m+1 Yn+m Yn+m−1

Yn+m Yn+m−1 Yn+m−2


=


Ym+2 Ym+1 Ym
Ym+1 Ym Ym−1

Ym Ym−1 Ym−2


,

and


Yn+2 Yn+1 Yn
Yn+1 Yn Yn−1

Yn Yn−1 Yn−2


=


Yn−m+2 Yn−m+1 Yn−m

Yn−m+1 Yn−m Yn−m−1

Yn−m Yn−m−1 Yn−m−2


.

(b) (see Theorem 5.1) Simson’s (or Cassini’s) Identity:

det(fY (n)) = det(fY (0)),
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i.e.,

∣∣∣∣∣∣
Yn+2 Yn+1 Yn
Yn+1 Yn Yn−1

Yn Yn−1 Yn−2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
Y2 Y1 Y0
Y1 Y0 Y−1

Y0 Y−1 Y−2

∣∣∣∣∣∣
.

Proof. Set Wn = Yn, and r = −1, s = 0, t = 1 in [4, Theorem 57.]. □
From the last Theorem, we have the following Corollary which gives determinantal

formulas of co-adjusted Padovan numbers (take Yn = Kn with K0 = 0,K1 = 1,K2 =
−1).

Corollary 9.7. For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det(fK(n+m)) = det(fK(m)) and det(fK(n)) = det(fK(n−m)),

i.e.,

∣∣∣∣∣∣
Kn+m+2 Kn+m+1 Kn+m

Kn+m+1 Kn+m Kn+m−1

Kn+m Kn+m−1 Kn+m−2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
Km+2 Km+1 Km

Km+1 Km Km−1

Km Km−1 Km−2

∣∣∣∣∣∣
,

and

∣∣∣∣∣∣
Kn+2 Kn+1 Kn

Kn+1 Kn Kn−1

Kn Kn−1 Kn−2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
Kn−m+2 Kn−m+1 Kn−m

Kn−m+1 Kn−m Kn−m−1

Kn−m Kn−m−1 Kn−m−2

∣∣∣∣∣∣
.

(b) Simson’s (or Cassini’s) Identity:

det(fK(n)) = det(fK(0)),

i.e.,

∣∣∣∣∣∣
Kn+2 Kn+1 Kn

Kn+1 Kn Kn−1

Kn Kn−1 Kn−2

∣∣∣∣∣∣
= −1.

Taking Yn = Sn with S0 = 3, S1 = −1, S2 = in the last Theorem, we have the fol-
lowing Corollary which gives determinantal formulas of co-Perrin (co-Padovan-Lucas)
numbers.

Corollary 9.8. For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det(fS(n+m)) = tn det(fS(m)) and det(fS(n)) = tm det(fS(n−m))
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i.e.,

∣∣∣∣∣∣
Sn+m+2 Sn+m+1 Sn+m

Sn+m+1 Sn+m Sn+m−1

Sn+m Sn+m−1 Sn+m−2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
Sm+2 Sm+1 Sm

Sm+1 Sm Sm−1

Sm Sm−1 Sm−2

∣∣∣∣∣∣
,

and
∣∣∣∣∣∣
Sn+2 Sn+1 Sn

Sn+1 Sn Sn−1

Sn Sn−1 Sn−2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
Sn−m+2 Sn−m+1 Sn−m

Sn−m+1 Sn−m Sn−m−1

Sn−m Sn−m−1 Sn−m−2

∣∣∣∣∣∣
.

(b) Simson’s (or Cassini’s) Identity:

det(fS(n)) = det(fS(0)),

i.e.,

∣∣∣∣∣∣
Sn+2 Sn+1 Sn

Sn+1 Sn Sn−1

Sn Sn−1 Sn−2

∣∣∣∣∣∣
= −23.

From the last Theorem, we have the following Corollary which gives determinantal
formulas of co-Padovan numbers (take Yn = Rn with R0 = 1, R1 = 0, R2 = −1).

Corollary 9.9. For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det(fR(n+m)) = det(fR(m)) and det(fR(n)) = det(fR(n−m)),

i.e.,

∣∣∣∣∣∣
Rn+m+2 Rn+m+1 Rn+m

Rn+m+1 Rn+m Rn+m−1

Rn+m Rn+m−1 Rn+m−2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
Rm+2 Rm+1 Rm

Rm+1 Rm Rm−1

Rm Rm−1 Rm−2

∣∣∣∣∣∣
,

and
∣∣∣∣∣∣
Rn+2 Rn+1 Rn

Rn+1 Rn Rn−1

Rn Rn−1 Rn−2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
Rn−m+2 Rn−m+1 Rn−m

Rn−m+1 Rn−m Rn−m−1

Rn−m Rn−m−1 Rn−m−2

∣∣∣∣∣∣
.

(b) Simson’s (or Cassini’s) Identity:

det(fR(n)) = det(fR(0)),

i.e.,

∣∣∣∣∣∣
Rn+2 Rn+1 Rn

Rn+1 Rn Rn−1

Rn Rn−1 Rn−2

∣∣∣∣∣∣
= −1
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