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ABSTRACT

In this paper, we introduce and investgate a new third order recurrence sequence so
called generalized co-Padovan sequence and its two special subsequences which are
related to generalized padovan numbers and its two subsequences. There are close
interrelations between recurrence equations of and roots of characteristic equations
of generalized Padovan and generalized co-Padovan numbers. We present Binet’s
formulas, generating functions, some identities, Simson’s formulas, recurrence prop-
erties, sum formulas and matrices related with these sequences.
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1. Introduction: Generalized Padovan Numbers
The generalized Tribonacci numbers
{Wn(Wo, Wi, Wa;r, s, t) bn>o
(or {Wp}n>0 or shortly {W;,}n>0) is defined as follows:
Who=1mWh_1+ sWy_o+tW, _3, Wo=a,Wi=bWy=¢c, n>3 (1.1)
where Wy, Wy, Waare arbitrary complex (or real) numbers and r, s and t are real

numbers with ¢ # 0.
The sequence {W,},>0 can be extended to negative subscripts by defining

S r 1
Wen = =2W_ip-1) = i Weiu-2) + ; Wonos)

for n =1,2,3,... when ¢ # 0. Therefore, recurrence (1.1) holds for all integers n.
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For r, s, t satisfying Eq. (1.1), the generalized co-Tribonacci numbers
{Yn(YO7 Y17 }/27 —S, _Tt7 t2)}n20

(or shortly {Y,}n>0) is defined as follows:

Y, =—sYy_ 1 —rtYy,_o+tY, 3, Yo=dYi=eYo=f n>3 (1.2)
i.e.,
Y,=rmY, 1 +s1Y,2+t1Y,_3, Yo=d,Yi=¢Ys=f n>3
wheresz,Yl,Y2are arbitrary complex (or real) numbers and r; = —s, s = —rt,
t1 = t°.

The sequence {Y;, },>0 can be extended to negative subscripts by defining

—rt —S 1
Yoo = =5 Vo0~ @Yot 5Y-(-3
S1 T1 1
= _Eyf(nfl) - EYf(an) + EYf(nf?))

for n = 1,2,3,... when t # 0. Therefore, recurrence (1.2) holds for all integer n. For
more information on generalized Tribonacci and co-Tribonacci numbers, see [4].
Note that we can easily use and modify the results given for 7, s,¢ in [4] by substi-
tuting r1, s1,t1 for r,s,t and we will do this in this paper.
There are close interrelations between roots of characteristic equations of generalized
Tribonacci and generalized co-Tribonacci numbers, see [4, Lemma 17.]: If «, 3, are
the roots of characteristic equation of {W,,} which is given as

z3—r22—sz—t:O,

and if 61,602, 05 are the roots of characteristic equation of {Y,,} which is given as
v =y’ —siy—t =y’ +sy° +rty —t° =0,

then we get

91 = 677
92 = O‘ﬁ7
93 = Q.

There are also close connections and relations between recurrence equations of gener-
alized Tribonacci and generalized co-Tribonacci numbers, see, for example, Lemma 32

in [4].

In this paper, we consider the case r = 0, s = 1, t = 1 so that r; = —s = —1,
s1=—-1t=0,t =t>=1.
In the next section, we also use the notation r = -1, s =0, t = 1 for r = —1,

s1 =0, t; = 1 to use results in the paper [4]. Now, in this section, for the case r = 0,
s =1,t=1 we present some well known results.
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A generalized Padovan sequence {Wp,}n>0 = {W,(Wo, Wi, Wa)}n>o is defined by
the third-order recurrence relations

W, = Wh_o + Wp_3 (1.3)

with the initial values Wy = co, W1 = ¢1, Wa = ¢3 not all being zero.
The sequence {W,},>0 can be extended to negative subscripts by defining

Wop==-W_@n1)+ W_n3)

for n = 1,2, 3, .... Therefore, recurrence (1.3) holds for all integer n.
As {W,} is a third-order recurrence sequence (difference equation), it’s character-
istic equation (cubic equation) is

B—z-1=0=(z2—a)(z—B)(z—~)=0.

The roots «, 3,7 of characteristic equation of {W,,} are given as

1 3\ (1 23\
I , N il =1.32471 24
o (2 + 108) + (2 108) 324717957

1/3 1/3
g = w L + 23 + w? L=
a 2 108 2 108

1/3 1/3
21, [28 e 23
= CL) —_— —_ PR
v 2 108 2 108

where

~1+iV3
w=—

5 = exp(2mi/3).

Note that there are the following relations between the roots of characteristic equation:

at+pf+vy = 0,
af tay+py = -1
afy = 1.

The sequence {W,,} can be expressed with Binet’s formula. Using the roots of char-
acteristic equation and the recurrence relation of W,,, Binet’s formula of W, can be
given as follows:

Theorem 1.1. For all integers n, Binet’s formula of generalized Padovan numbers is
given as follows.

p1a” . p28" i p3Y"
(a=B)a=v) B-a)B-7) @G—-a)(v—5)
= Ala" + Agﬁn + Ag’}/n,

Wn




108 International Journal of Mathematics, Statistics and Operations Research

where
p1 = Wa— (B+~)Wi+ ByWo, (1.4)
p2 = Wa—(a+7)Wi+ ayWy, (1.5)
ps = Wa—(a+B)Wi+aBW
and
A1 _ p1 _ W2 — (B + ’Y)Wl + ,B’YWO
(a@—=B)(a=9) (a@—=B)(a=7)
_ (QWQ + a2W1 + Wo)
B 200 + 3 ’
Ay = P2 _ Wa — (a+ )W + oW
(8 —a)(B—") (B—=a)(B=1)
_ (BW2+ BPW + Wo)
28+ 3 ’
Ay = D3 _ Wa—(a+B)W1 + oWy
(v =)y = 5) (v =)y —5)
_ (Wa Wi+ W)
2v4+3
Proof. For the proof, take r =0, s =1, ¢t =1 in [4, Theorem 3 (a)]. O
Next, we give the ordinary generating function »_ W, z" of the sequence W,,.
n=0
Lemma 1.1.1. Suppose that fw, (z) = >, Wypz" is the ordinary generating function
n=0

oo
of the generalized Padovan numbers {Wy}n>0. Then, Y, Wy,2" is given by
n=0

= e . (1.7)

0o _ 2
Z ann - Wo+ Wiz + (W2 WO)Z
n=0

Proof. Set r =0, s=1,¢t =1 in [4, Lemma 9.]. O

Now we define three special cases of the sequence {W,,}. adjusted Padovan sequence
{Un}n>0 (a variant of the sequence {P,}), Perrin (Padovan-Lucas) sequence { E;, },,>0
(OEIS: A001608, [2]) and Padovan sequence { P, },>0 (OEIS: A000931, [2]) are defined,
respectively, by the third-order recurrence relations

Upys = Upp1+ Uy, Uy=0,U; =1,U5 =0, (1.8)
Enys = Eppi+ By, Eo=3,E1=0,E =2, (1.9)
Poys = P+ Py, Ph=1,P=1,P=1. (110)

The sequences {U,, }r,>0, {En }n>0 and {P, },>0 can be extended to negative subscripts
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by defining
U.n = _U—(n—l) + U—(n—3)a
E, = _E—(n—l) + E—(n—S)a
Pop = —P_(n1)+ P_(ns),

forn = 1,2, 3, ... respectively. Therefore, recurrences (1.8)-(1.10) hold for all integer n.
There are several studying on Padovan numbers, see for example [1, 3] and references
thereafter.

For all integers n, Binet’s formula of adjusted Padovan, Perrin (Padovan-Lucas) and
Padovan numbers (using initial conditions (1.4)-(1.6) in Theorem 1.1) can be expressed
as follows:

Theorem 1.2. For all integers n, Binet’s formulas of adjusted Padovan, Perrin
(Padovan-Lucas) and Padovan numbers are

n+1 n+1 n+1
U, = - SR +—1
(a=B)a=7) B-a)B-7) (G-—a)v-5)
n+2 n+2 n—+2
- a + ﬂ + ry I
20+3  26+3 2v+3
En - an+/3n+,yn7
n+4 n+4 n+4
P, = o . B n gl

(@a=B)a=7) B-a)B=7) (-a)y=5)
respectively.

Lemma 1.1.1 gives the following results as particular examples (generating functions
of adjusted Padovan, Perrin (Padovan-Lucas) and Padovan numbers).

Corollary 1.3. Generating functions of adjusted Padovan, Perrin (Padovan-Lucas)
and Padovan numbers are

[e.e]

z
Upzt = ———
Z " 1—22—2%

1+2
D Pt = 1_ 2 _ 3

respectively.

Now, we present some identities of adjusted Padovan, Perrin (Padovan-Lucas) and
Padovan numbers. First, we can give a few basic relations between {U,} and {E,}.

Lemma 1.3.1. The following equalities are true:

(a) E, =2Upq4 +Upyz — 3Upo.
(b) E, = n+3 — Un+2 + 2l’]n—l—l-
(C) E, =— n+2 + 3Un+1 + Un
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(d) En = 3Ups1 — Un_1.

(€) En =2Up_1 + 3Un_s.

(f) 23Un - —6En+3 + 4En+4 + 5ETL+2-
(g) 23U, = —6Fp43+9FE,120 +4E,41.
(h) 23U, = 9E, 4o — 2E, 41 — 6E,.

(i) 23U, = —2En11 + 3B, + 9B, 1.
(G) 23U, =3E, +TE,_1 — 2E,_o.

Next, we give a few basic relations between {U,,} and {P,}.

Lemma 1.3.2. The following equalities are true:

(a) Un = Ppi2— Py,

(b) Up=—Ppoy1+ P+ Po1.
(c) Uy,=P,— P,_o.

(d) P, =Unt1+U,.

(e) Pn = Un+1 + Un

(f) P,=U,4+U,_1+U,_o.

Now, we present a few basic relations between {E,} and {P,}.
Lemma 1.3.3. The following equalities are true:

(a) E, = _3Pn+2 + 2Pn+1 +4P,.
(b) B, =2Pyy1 + Py —3P, 1.
(C) E,=P,— P,_1+2P,_o.

(d) 23P, = 7En+2 + En+1 + 3E,.
(e) 23P, =E,41 +10E, +7E,,_1.
(f) 23P, = 10E,, + 8E,_1 + En_s.

2. Generalized co-Padovan Numbers

Ifr=0,s=1,t=1, then we get r;, = —1, s; =0, ¢t; = 1. From now on, throughout
the paper, we also use the notationr =0,s=1,t=1forr; =—-1,s1 =0,¢t; =1 and
we consider the case r =0, s = 1, ¢t = 1 to use results in the paper [4].

In this section, we define and investigate a new sequence and its three special cases,
namely the generalized co-adjusted Padovan, co-Perrin (co-Padovan-Lucas) and co-
Padovan numbers. The generalized co-Padovan numbers

{Y(Yo, Y1, Y2; —1,0,1) }rxo
(or shortly {Y,,}n>0) is defined as follows:
Y,.=-Y, 1+Y, 3, }/(]:d,lee,Y'Q:f, n>3 (21)

where Y, Y1, Ys are arbitrary complex (or real) numbers with real coefficients.
The sequence {Y;, },,>0 can be extended to negative subscripts by defining

Yon =Y_(n-2) + Y-(u-3)

for n =1,2,3,... when ¢ # 0. Therefore, recurrence (2.1) holds for all integer n.
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The first few generalized co-Padovan numbers with positive subscript and negative
subscript are given in the following Table 1.
Table 1. A few generalized co-Padovan numbers

n Y, Y_,

0 Yo Yo

1 Y1 Y1 +Y5

2 Yo Yo+ Y

3 Yo—Yo Yo+ Y1 +Y2

4 Yi-Y+Y, Yo +2Y1 + Y5
5 Yo— 1 2Yy +2Y1 + Y,
6 Yi-Y 2Yy + 3Y1 +2Y5
7 2Y> =Yy 3Yy +4Y1 +2Y,
8 2Y,-Y] —2Y, 4Yy + 5Y7 4 3Ys
9 21 -2+ Y, 5Yy + 7Y + 4Y,
10 Yp—-27+Y5 7Yy + 9Y1 + 5Y5
11 Yo+Y —3Y, 9Y, + 12Y7 + 7Y,
12 Y, —3Yy+4Ys 12y + 16Y; +9Ys
13 4Yy —3Y; —3Yy  16Y; + 21Y7 + 12Y5

Remark 2.1. In this paper we will extensively use the paper [4]. Note that in the
notation of [4], here we haver =0, s =1,t =1 and ry = —1, sy =0, t; = 1. For
simplicity, we can use the result of [{] by taking and replacing r = —1, s =0, t = 1.

As {Y,,} is a third-order recurrence sequence (difference equation), it’s characteristic
equation (cubic equation) is

¥ 4+y?—1=0.

The roots of characteristic equation of {Y,,} are

1/3 1/3
9 — ;1+ §+ ﬁ _|_ %_ ﬁ
=3 54 108 54 108 ’
1/3 1/3
0, — Lo (2L /2B Y
S 54\ 108 54 Vi)
1/3 1/3
9 — ;1+w2 %_ﬁ_ & +w %_ ﬁ
57 3 54 108 54 108 ’
where
—1+iV3
w= —;Z\[ = exp(27i/3).

There are the following relations between the roots of characteristic equation:

0h + 02+ 03 =—1,
0102 + 0103 + 0203 = 0,
010505 = 1.
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Note that there are an important relation between 61, 05,603 and «, 3, :

01 = 677
02 = O‘ﬁ7
93 = Q.

The sequence {Y,,} can be expressed with Binet’s formula. Using the roots of char-
acteristic equation and the recurrence relation of Y;,, Binet’s formula of Y;, can be
given as follows:

Theorem 2.2. For all integers n, Binet’s formula of generalized co-Padovan numbers
is given as follows:

p107 P20y P30y
(01 —62)(01 —03) (02 —01)(02 —03) (05— 01)(03 — ba)
— A0+ A + Ag0E,

Y, =

where

p1 = Yo—(62+63)Y1+6205Y0, p2 = Yo—(014+03)Y1+60103Y), p3 = Yo—(01+62)Y1+6102Y0,

and
A, = p1 _ Yy — (02 +03)Y1 + 02050
(61— 62)(61 — 03) (01 — 02)(61 — 63)
(012 +61(1+601)Y1 +Y))
- —607 +3 ’
Ay = D2 _ Y- (01 +63)Y1 + 0165Y)
(02 — 61)(02 — 63) (02 — 01)(02 — 03)
o (92Y2 + (92(1 + (92)Y1 + Y())
B —03+3 ’
Ay = p3 _ Yo — (61 + 02)Y1 + 6162Y5
(03 — 61)(05 — 02) (03 — 01)(03 — 62)
_ (B3Y2 + 63(1 4+ 63)Y1 + Yo)
B —63+3 '

Proof. For the proof, take r = —1, s = 0, t = 1 in [4, Theorem 3 (a)] or r = —1,
s=0,t=11n [4, Theorem 19 (a)]. O

o0
Next, we give the ordinary generating function »_ Y;,2" of the sequence Y.
n=0

o0
Lemma 2.2.1. Suppose that fy, (z) = > Y,2" is the ordinary generating function of

n=0

oo
the generalized co-Padovan numbers {Yy, }n>0. Then, > Y,2" is given by
n=0

. Yo+ (M HYy)z+ (Yo + V)22
E Y, 2" = 3 .
o l1+2—2
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Proof. Set r = —1, s =0, ¢t = 1 in [4, Lemma 9.] or r; = —1,s1 = 0,¢; = 1 in [4,
Lemma 24.]. O

In this paper, we define and investigate, in detail, three special cases of the general-
ized co-Padovan numbers {Y,,} which we call them co-adjusted Padovan, co-Perrin (co-
Padovan-Lucas) and co-Padovan numbers. co-adjusted Padovan numbers {K,},>0,
co-Perrin (co-Padovan-Lucas) numbers {S;},>0 and co-Padovan numbers numbers
{R)}n>0 are defined, respectively, by the third-order recurrence relations

Kn+3 = —Kpyo+ K, Ko=0,Ki=1,Ky = -1, (22)

Snys = —Spg2+ S, So=3,51=-1,5=1, (2.3)

Ryy3 = —Ry2+R,, Ry=1R=0Ry=-1, (2.4)
i.e,

Kn = - n—1+Kn—37 KOZO,Kl = ].,K2:—1,

Sn = —Sp1+S-3, So=3,51=-1,8=1,

R, = —-R,1+R,3 Ry=1R =0,Ry=-1

The sequences { Ry, }n>0, { Kn}n>0 and {Sy }n>0 can be extended to negative subscripts
by defining

K_n = K (n2)+K (n3),
S_(n—2) + 5—-(n-3),
R_(n2)+ R_(n_3)-

o
3 3
[

for n = 1,2, 3, ... respectively. Therefore, recurrences (2.2)-(2.4) hold for all integers n.
Next, we present the first few values of the co-adjusted Padovan, co-Perrin (co-
Padovan-Lucas) and co-Padovan numbers with positive and negative subscripts.
Table 2. The first few values of the special third-order numbers with positive and
negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
K, 0 1 -1 1 0 -1 2 =2 1 1 -3 4 -3 0
K., 0 0 1 0 1 1 1 2 2 3 4 ) 7T 9
S5 3 -1 1 2 -3 4 -2 -1 5 -7 6 -1 —6 12
S, 3 0 2 3 2 ) ) 7T 10 12 17 22 29 39
R, 1 0 -1 2 -2 1

1 -3 4 -3 0 4 =7 7
R, 1 -1 1 0 O 1 0 1 1 1 2 2 3 4

For all integers n, Binet’s formula of co-adjusted Padovan, co-Perrin (co-Padovan-
Lucas) and co-Padovan numbers (using initial conditions (2.2)-(2.4) in Theorem 2.2)
can be expressed as follows:

Theorem 2.3. For all integers n, Binet’s formulas of co-adjusted Padovan, co-Perrin
(co-Padovan-Lucas) and co-Padovan numbers are

0n+1 9n+1 07L+1
Kn — 1 + 2 + 3
(01 —02)(01 —03) (02 —01)(02 —03) (65 —61)(03 — 62)
_ 0?4—2 N 93-&-2 N eg—i-?

—034+3  —03+3 —03+3
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and
Sp =07 + 05 + 05,
and
o s . gt . o+
(01— 62)(61 — b3) (62— 61)(62 —03) (03 — 01)(03 — 02)
respectively.

Lemma 2.2.1 gives the following results as particular examples (of generating func-
tions of co-adjusted Padovan, co-Perrin (co-Padovan-Lucas) and co-Padovan numbers).

Corollary 2.4. Generating functions of co-adjusted Padovan, co-Perrin (co-Padovan-
Lucas) and co-Padovan numbers are

2
Kpet = —
7;) n* 1+2z—2%
iSz” 3422
—~ " 142—23%
iR o 1+2z— 22
~ " o l4z =2

respectively.

3. Connections between U, E,, and K,, S,

Sy, can be given as follows.

Lemma 3.0.1. For all integers n, we have the following formula for S, :
Proof. Use [4, Lemma 30.]. O
We can present the relations between K,,, S, and U,, E, as follows.

Lemma 3.0.2. For all integers n, we have the following formulas:

(a) S, = L(E%— Ea).
(b) Kn == U,n,1 and K,n = Up—1.

(c) S, =E_, and S_,, = E,.
Proof. Use [4, Lemma 32.]. O
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4. Some Identities of Generalized co-Narayana Numbers

In this section, we obtain some identities of co-adjusted Padovan, co-Perrin (co-

Padovan-Lucas) and co-Padovan numbers. First, we can give a few basic relations
between {K,} and {S,}.

Lemma 4.0.1. The following equalities are true:

(a) Sp=3Kp1q +5K,13+2K, .
(b) Sy =2K, 43+ 2K, 42+ 3K,41.
(C) Sp = 3Kn41 + 2Ky,

(d) Sp = 3Kps1 + 2K,

(e) Sy = —Kn + 3Kn,2.

(f) 23K, =3Sp+4 + Sn+3 + 7Sni2.
(g) 23K, = —25,43+ TSny2 + 3Sn11.
(h) 23K, = 95,42 + 3511 — 25,.

(i) 23Ky, = —6Sp11 — 25, + 9S,_1.
(J) 23K, =45, +95,-1 — 6S5,,_2.

Proof. Set U,, = K, S, = S, and r = =1, s =0, ¢t =1 in [4, Lemma 36.]. O
Note that all the identities in the above lemma can be proved by induction as well.
Next, we give a few basic relations between {K,} and {Y,,}.

Lemma 4.0.2. The following equalities are true:

() (Y3 + Y2+ Y3+ Vs +2ViYE — YEYs — YoY?2 = 3YoViYo) K, = (=Y + Y —
Y1Y2)Yio + (Y2 + V1Ys — YoY1) Vi + (Y — YoY2) Y,

(b) (Y3 + Y7 + Y7 + VPV +2V1YF — Y§Ya — VoY = 3YoV1Y2) Ky = (Y3 + Y7 - Vi +
2Y1Ys — YoY1)Yyu1 + (Y2 = YoYo)Vy, + (=Y2 + Y — V1Y)V, 1.

(c) (YP+YP4+Y3 4+ Yo +2V Y2 - YEYs Yo Y2 -3V ViYa) K, = (- Y2 +YE -2V Vo —
YoYa+YoV1)Y, + (-Y2+YE —Y1Yo)Y, 1+ (Y2 +YP — Y +2Y1Yo — Yo Y1)V, o

(d) Y, = (Y2 + Yl)KnJ’_Q + <Y2 + Y + YE))Kn—I—l + (Y1 + Y())Kn.

(e) Yo =YoKn1+ Y1+ Y0) Ky + (Y2 + Y1) K1

) YV, =Y1K, + Yo+ Y1)Ky 1+ Yo K.

Proof. Set W, =Y,,, U, = K, and r = -1, s =0, t = 1 in [4, Lemma 37.]. O
Now, we present a few basic relations between {S,} and {Y,,}.

Lemma 4.0.3. The following equalities are true:

(8) (V3 + P+ Y3+ YAV +2V1Y7 — Y2Yo - YOVE — 3YaViY0)S, — (3V3 + V2 — Y2 +
4Y1Yy — 3YE]Y1)YH+2 -+ (2Y22 + 3Y12 —3YYs +2Y1Yy — 2YE)Y1)YYL+1 + (—Y12 + 3Yb2 —
31V, — 2YY3)Y,.

(b) (Y§ + VP 4+ Y§ + V2V + 2V1¥Z — Y2Ys — Y2 — 3YgVi¥2)$, — (~VE - Y7 +
3Y12 + Y02 =3YyYs —2Y1Yo + )/E]Yl)Yn+1 + (3YO2 —-31Y, — Y12 — 2}/0Y2)Yn + (3Y22 +
}/12 — Y02 +4Y1Ys — 3Y0YV1)Y7L,1.

(€) (Y + Y7+ Y3+ YV +2V1Y2 - Y2Ys — VY2 — 3%, Vi3S, — (V2 — 32 4+2¥7
V1Y + YoYa — YoY1) Yo + (3YF + Y2 = Y@ +4Y1Ys — 3YoY1) Yo 1 + (—Y5 + 2V +
Vi —2V1Ys — 3YpYs + Yo Y1)V, —o.

(d) 23Y, = (—2Ys + 7Y1 + 3Yy)Sni2 + (7Y2 + 10Y7 + Yp)Sp41 + (3Y2 + Y7 + 7)) S,,.

(e) 23Y,, = (9}/2 +3Y; — ZYE))SnJrl + (3}/2 + Y+ 7}/0)571 + (—2Y2 + 7Y + 3}/0)Sn,1.

(f) 23Y,, = (—GYQ —2Y1 + 9}/0)571 + (—25/2 + 7Y + BYU)Snf]_ + (9Y2 +3Y7 — 2%)571,2.
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Proof. Set W,, =Y,, S, = Sp,and r = -1, s =0, t =1 in [4, Lemma 38.]. O
Next, we give a few basic relations between {K,} and {R,}.

Lemma 4.0.4. The following equalities are true:

(a) K, = Rpyo+ Ryi1 + Ry,
(b) K, = Ry, + Ru_1.

(C) K,=R,+ R,_1.

(d) Ry = —Kpio + K.

(e) R, =K1+ K, —K,_1.
(f) R,=-K, 1+ K, _o.

Proof. Set Y,, = R, in Lemma 4.0.2. [J
Now, we present a few basic relations between {S,} and {R,}.

Lemma 4.0.5. The following equalities are true:

(a) Sn = 2Rn+2 + 5Rn+1 + 5Rn

(b) Sp=3Rp41+5Ry + 2R,_1.

(¢) Sp=2R, + 2R, 1+ 3Rn_s.

(d) 23R, = 582 — 6Sn1 + 4S,.
(e) 23R, = —11S,11 + 4S, + 5Sp_1.
(f) 23R, = 155, + 55,1 — 11.5,,_o.

Proof. Set Y,, = R,, in Lemma 4.0.3. [J
We can present identities between P,, E,,U, and R,, K,, S, by using Lemmas
given above.

Lemma 4.0.6. For all integers n, we have the following formulas:

(a) S—n = —Upy2 + 3Un+1 + Un.

(b) S—n = _3Pn+2 + 2Pn+1 +4P,.

(C) K_n = Lp+1 — Pn

(d) 23K_,, = —6E,+2 +9E,+1 + 4E,.
(e) S_n = 3Un_2 + 2Un_1.

(f) 23K_,, =9E,, 2+ 3E,_1 — 2E,.
(g) R, = _2Pn+2 + 2Pn+1 + Py

(h) U—p—1 = Rny2 + Rny1 + Ry

(1) R_,= n+1l — Un.-

(3) 23R_,, = —11E, 9+ 5E,41 + 15E,.
(k) Sp = 3((=Ups2 + 3Uns1 + Un)? + (Usns2 — 3Usns1 — Usy)).

Prof. Use Lemmas 3.0.2, 1.3.1, 1.3.2, 1.3.3, 4.0.1, 4.0.4, 4.0.5. O
Now, we present some identities of generalized co-Tribonacci numbers and its special
cases.

Lemma 4.0.7. Suppose that { Xy }tn>0 = {Xn(Xo, X1, X2) }n>0 is also defined by the
third-order recurrence relations

Xp=—-Xpn1+Xy3 (41)
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i.€.,

Xn+3 = _Xn+2 + Xn

with the initial values Xg, X1, Xo not all being zero and

Xon=X_(n2)+X_(n-3

so that (4.1) is true for all integer n.
Then the following equalities are true:

(a)

(b)

(d)

(XoX3 + X7X4+ X5 — XoXo Xy — 2X1 X X3)Y, = 1 Xpt2 + @ X1 + @3X

where
1 = (X} — XoX2)Ys + (XoX3 — X1 X2)Y1 + (X3 — X1X3)Y0,
g2 = (XoX3 — X1X2)Ya + (X3 — XoX4)V1 + (X1X4 — X2X3)Y0,
g3 = (X3 — X1X3)Ys + (X1X4 — XoX3)Y1 + (X3 — X2X4)Y.

(YoY? 4 Y2V + Y5 — YoYaVy — 2Y1YoY3) Ky = quYnio + @5Yni1 + a6V
where

q4 = _Y12 + YE)Q -Y1Ys,
g = Y3 +Y1Ys — YoV,

g6 = Y12 — YoYo.
Yo = qrKnp2 + @gsKpp1 + @Ky
where
qr = Y2 + Yi?
gs = Ya+ Y1 + Yo,
g9 = Y1 + Yo.

(YoYE + Y2V4 + Y5 — YoYaYy — 2Y1YaY3)S, = qioYni2 + q11Ynr1 + q12¥a

where
qio = 3YE + Y2 — Y2 +4Y1Ys — 3YY1,
qu1 = 2Y$ + 3Y?2 + 2Y1Ys — 3YoYs — 2V, Y4,
q12 = —Y12 + 3Y02 —3Y1Ys — 2Y,Ys.

23Y,, = q13Sn+2 + q1aSn+1 + q155n
where

q13 = —2Y3 + 77 + 3Y0,
q14 = 7Y2 + 10Y7 + Yo,
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q15 = 3Ya + (Y1 + 7Yp.
Proof.
(a) Writing
Yn =q1 X Xn+2+q2 X Xn+1 + g3 X Xn

and solving the system of equations

Yo = g1 xXo+q xX1+q3xXg
Y1 = g1 X X3+q xXo+q3x X,
Yo = g1 xXy+q xX3+q3xXo

we find the required identity.
(b) Replace Y,, and X,, with K,, and Y,,, respectively in (a).
(c) Replace X,, with K,, in (a).
(d) Replace Y,, and X,, with S,, and Y},, respectively in (a).
(e) Replace X, with S, in (a). O

5. Simson’s Formulas of co-Padovan Numbers

The following theorem gives Simson’s formula of the generalized co-Padovan numbers

{Yu}.

Theorem 5.1 (Simson’s Formula of Generalized co-Padovan Numbers). For all inte-
gers n, we have

Yotz Yot1 Ya Y i Y
Yorr Yo Yo | = |1 Yo Y
Yo Yo Yoo Yo Y1 Yoo

Y Y Yo

= | Yo Yo+ Y1

Yo a4+ Y1 Y1+ Y

Proof. Set W, =Y, andr=—-1,s=0,¢t=1 in [4, Theorem 33.]. O
The previous theorem gives the following results as particular examples.

Corollary 5.2. For all integers n, co-adjusted Padovan, co-Perrin (co-Padovan-
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Lucas) and co-Padovan are given as

Kn+2 Kn—l—l Kn
Kn+1 Kn Kn—l = _17
Kn Kn—l Kn—2

Sn+2 Sn+1 Sn

Sn+1 Sh Sn—1 = —23,
Sn Sn—l Sn—2
Rn+2 Rn+1 Rn
= —17

Rn+1 Rn Rn—l
Rn Rn— 1 Rn—2

respectively.

Proof. Set Y,, = R,,, Y, = K, and Y,, =5, in Theorem 5.1, respectively. [

6. Recurrence Properties of Generalized co-Padovan Numbers

The generalized co-Tribonacci numbers W,, at negative indices can be expressed by
the sequence itself at positive indices.

Theorem 6.1. Forn € Z, we have
L o
Y., =Ys, — S, Y, + §(Sn — S2n)Y0.

Proof. Set W,, =Y, H, =S, and r = -1, s =0, t = 1 in [4, Theorem 39.]. O
As special cases of the above Theorem, we have the following Corollary.

Corollary 6.2. For n € Z, we have

(a) K., = —2K2+ Ky, — 3K, 11 K,.

1
(b) S-n = 5(Si = S2n)-
(c) R_y = Ron — SpRp + 5(S2 — Sop).
= 2(4R2 5, + 25R2 | + 15R% — 2Ron49 — 5Rony1 — 3Rop + 20R, 11 Rpjo +
16R, Rp+2 + 40R, Ry 11).

Proof. For (a) and (b) take r = —1, s = 0, t = 1, and G,, = K,, and H, =
Sp,respectively, in [9.2, Corollary 42.] or set Y,, = K, and Y,, = S, respectively,
in Theorem 6.1. For (c) take Y,, = R, in Theorem 6.1 and use the identity S, =
2R, 12+ 5Ryp41 + 5R,, which is given in Lemma 4.0.5.

The last Corollary can be written in the following form by using Lemma 3.0.2.

Corollary 6.3. For n € Z, we have

(a) Uy1 = —2K2 + Ko, — 3K, 11 K,,.
1

(b) Eu=5(S2 — Sau).

Proof. Use Lemma 3.0.2 and Corollary 6.2. [J
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7. Sum Formulas Z Yk, Z sz, Z Y2k+1, Z Y_ ks Z Y_ 2k Z Y_ 2k+1
k=0 k=0 k=0 k=0

and Generatmg Functions Zn 0 Ynz", Zn o Yanz™, > ono g Y2n+1z ,
Yoo o Y_nz™, D2 (Y 2p2™, > Y _2n412" of Generalized
co-Padovan Numbers

Next, we present sum formulas of generalized co-Padovan numbers

Theorem 7.1. For n > 0, we have the following sum formulas for generalized co-
Padovan numbers:

(a) kin)OYk = Yo — 2Vt — Yy, + Yo 4+ 2Y) + 2V
(b) kzijo Yorh = —Yopto — Yo + Yo+ Y1 + Y0

(c) i Yop+1 = Yo + Y1 + Y0

(d) ZY h =Y pio +2Y i+ 2V, — Vs — 2] — Y.
(e) kzo Y oo =Y 95,1+ Y 9, - Yo - Y.

(f) > Y oop1 =Y 9,0 —Yo.
k=0

Proof.

(b) Set W, =Y, r=-1,s=0,t=1and z =1 in [4, Theorem 62 (b
(c) Set W, =Y,,r=—-1,s=0,t=1and z =1 in [4, Theorem 62 (c) (i
(d) Set W, =Y,,r=—-1,s=0,t=1and z =1 in [4, Theorem 62 (d)
(e) Set W, =Y,,r=—-1,s=0,t=1and z =1 in [4, Theorem 62 (e
(f) Set W,, =Y, r=—-1,s=0,t=1and z=1in [4, Theorem 62 (f

(a) Set W,, =Y,,r=—-1,s=0,t=1and z =1 in [4, Theorem 62 (a) (1)]
(
]

From the last Theorem, we have the following Corollary which gives sum formulas
of co-adjusted Padovan numbers (take Y,, = K, with Ky =0, K; =1, Ky = —1).

Corollary 7.2. Forn > 0, co-adjusted Padovan numbers have the following proper-
ties.

(a) kZi:OKk = —Kpy2 —2Kn11 — Kn+ 1.
(b) kio Ko = —Kopy2 — Kopy1.

(c) kio Kopy1 = —Kon + 1.

(d) kgijo K=K pi0+2K 1 +2K_, —

n
(e) DK op =K op1+ K_gp.
k=0

(f) > K_opy1 = K 9,-9.
k=0
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Taking Y, = S,, with Sp = 3,51 = —1,59 = 1 in the last Theorem, we have
the following Corollary which gives sum formulas of co-Perrin (co-Padovan-Lucas)
numbers.

Corollary 7.3. Forn > 0, co-Perrin (co-Padovan-Lucas) numbers have the following
properties:

(@) > Sk =—Snt2—2541—Sp+5.
k=0

(b) > Sor, = —Sont2 — Sont1 + 3.
k=0

(C) Z Sgk_H = —SQn + 2.
k=0

(d) Z S k=8 nt2+25_p41+25_,—2.
k=0

(€) > S op=5_2n-1+S_2n.
k=0

(f) > S—ok+1="5-2n2—3.
k=0

From the last Theorem, we have the following Corollary which gives sum formulas
of co-Padovan numbers (take Y,, = R,, with Rp =1, R; = 0, Ry = —1).

Corollary 7.4. For n > 0, co-Padovan numbers have the following properties.
n
(a) > Rp=—-Ryi2— 2Ry — Ry, + 1.
k=0
n
(b) >° Ror = —Rany2 — Rony1.
k=0

(C) Z R2k+1 == —RQn + R1 + 1.
k=0

(d) >R y=R_pi2+2R 11 +2R_,,.
k=0

() > Ror=R_gn_1+R_on+1.
k=0

(f) Z R—2k+1 = R_zn_g — 1.
=0

Next, we give the ordinary generating function of special cases of the generalized
co-Padovan numbers {Y,n;}.

Corollary 7.5. The ordinary generating functions of the sequences Yy, Yon, Yoni1,
Y_n, Yoon, Y_ont1 are given as follows:

(a) (|z| <min{|0y|71, 16271, 10571 = |62 = |63 ~ 0.868836).

inn: (Ya+Y1)22 + (Y1 + V)2 + Y
—" -3+ 2z+1
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(b) (|z| < min{|61]72,|02]72, |03 2} = |62 2 = |05] 2} ~ 0.754877).

iy o N +Y0)2 + (Yo — ¥0)2 + Y0
—~ n —23 4222 — 241

(c) (|z| <min{|01] 72,0272, |03] 72} = |62] % = |03| %} ~ 0.754877).

iy oM = Yo+ Y22+ (-Yo -V +Yy)z+ 1,
ot 2t —23 4222 — 241

(d) (|z| < min{|0y], 62|, 03]} = |61] ~ 0.754877).

iy o Y122+(Y2—|—Y1)Z+Y0
v o —23—22+1

(e) (|z] < min{|6:]*,|02]%,]05]°} = |01]* ~ 0.569840).

iy o Yo2? + (Y1 — Yo)z + Yo
v 2 —23422-22+41

(f) (|z| < min{|61|%, 1627, 105>} = |61]* ~ 0.569840).

iy 2= (Yo +Yp)22+ (Ya— Y1)z + Y1
o —ent —23422-2241

Proof. Set W,, =Y,, and r = -1, s =0, ¢t = 1 in [4, Corollary 67.]. O
Now, we consider special cases of the last corollary.

Corollary 7.6. The ordinary generating functions of special cases of the generalized
co-Padocan numbers are given as follows:

(a) (|2] < |62] " = |65 " ~ 0.868836).

00
z

K" = ———
7;] n* -2 +2z+1
iSz" B 22+3
e S LR A
iR o A tatl

e R |

n=0
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(b) (2| < |62]7% = |05 7*} ~ 0.754877).

= 22—z
Ky,2" =

T;) n® —28+222—2+1

is R 222 — 22+ 3

= n 234222241

iR R 22 —-22+1

o n 234222241

(c) (2] < |62]7% = |65 7>} ~ 0.754877).

- 1
K -
nz‘; a1 —23 4222 —2+1
o
3z —1
Somig2 =
nz:% 1 —23 4222 — 241
> 2
2z -z
R "=
nz_;] 2412 I Y
(d) (2] < |61] ~ 0.754877).
> 2
—z
K_,2" =
nz:;) " 23+ 22 -1
e 2
-3
ZS*"Zn = 32 2
=0 2>+ 2= =1
oo
z—1
RV = - -
nz:% " B+22-1
(e) (2] < |61]* = 0.569840).
>0 2
24—z
K_9,2" =
nE_O n® 23— 224221
is - —224+42-3
= P - T P
- 24+2z-1

R_o,2" =
Z e 22 —22+22-1

123
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(£) (|| < |01]* ~ 0.569840).

o0 2
-z +2z—-1
K_ "=
nz—(] mr1e 23— 224221

oo
—222 -2z +1
S_ "=
nz;) 12 23— 224221

o
—222 4+ 2
R_ "=
Z 12 2 —22422-1
n=0

From the last corollary, we obtain the following results for special cases of z.

Corollary 7.7. We have the following infinite sums .

1
(a) z= 3
o0 K, B
on 117
n=0
SR
on 117
n=0
SRy 10
on 117
n=0
(b) z= =
= n 7
S _ 20
o 2n 7
R _ 2
= AL 7
1
(C) Z = 5
iKan _ 8
= AL 7
iSQn—i—l _ 4
o n 7
iRQn—i—l _ 6
AL 7

n=0
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(d) z:%.
(e) z:%.
(f) z:%.

8. Sum Formulas Y _ z*Y2, >0 2*Yiei1 Yk, D 5o 2 Yit2Yr and
Generating Functions ) .2 (Y.22™, 3> Y, 11Y,2", > 00 (V22"
of Generalized co-padovan Numbers Numbers

Next, we present sum formulas of generalized co-Padovan Numbers numbers.

e

n=0

iK—Qn—l—l
n=0 2n
N S ont1
> o
n=0

N R_ont1
> o

n=0

125

Theorem 8.1. For n > 0, we have the following sum formulas for gemeralized co-

Padovan Numbers numbers:

n
(a) S V2 =Y2,—2Y,1Yis — 2V, Yoqo — Y3+ 2Y(Y2 + 2V V1.
k=0

n
(b) > Yip1Vy = _Y712+3 -
k=0
Y1Ys — YoYs.

n

n

Y2_|_2 - Y2+1 - Yn+2Yn+3 + Yn+1Yn+3 + Y22 + le + Y()2 +
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n
() X YoV =—-Yo1Yni3 — Yo Yoo + YoYo + YY1,
k=0

Proof.

Note that characteristic equation of the third-order recurrence sequence Y,, is the
cubic equation y? + y? — 1 = 0 whose roots are 0y, 0s,03 with 0; # 6o # 63. In [5,
Theorem 2.1]), for r = —1, s =0, t =, we get

I'(z) = (—t223 + sz +rt22 + 1)(7”2,2 — 222 + 1223 + 252 + 2rt2? — 1)
(4221 (=22 4222 —241)
= S48+ 4822421

and I'(1) # 0.

(a) Set W, =Y,,,r=—-1,s=0,t=1and z=1in [5, Theorem 2.1 (a) (i)] or in [6 ,
Theorem 2.1 (a) (i)].

(b) Set W, =Y,,,r=—-1,s=0,t=1and z =1 in [5, Theorem 2.1 (b) (i)] orin [6 ,
Theorem 2.1 (b) (i)].

(c) Set W, =Y,,,r=—-1,s=0,t=1and z=1in [5, Theorem 2.1 (c) (i)] or in [6 ,
Theorem 2.1 (c) (i)]. O

From the last Theorem, we have the following Corollary which gives sum formulas
of co-adjusted Padovan numbers (take Y,, = K, with Ky =0, K; =1, Ky = —1).

Corollary 8.2. Forn > 0, co-adjusted Padovan numbers have the following proper-
ties.

n
(a) Y K;=K} 3—2K,1Kn3 —2Kn11Knpo — 1.
k=0

n
(b) Z Kk—l—lKk = _K%+3 - K721+2 - K721+1 - Kn+2Kn+3 + Kn+1Kn+3 +1.

k=0
n
(c) > KpyoKp=—Kn11Kn3 — K1 Knqa.
k=0
Taking Y, = S, with So = 3,51 = —1,52 = 1 in the last Theorem, we have

the following Corollary which gives sum formulas of co-Perrin (co-Padovan-Lucas)
numbers.

Corollary 8.3. Forn > 0, co-Perrin (co-Padovan-Lucas) numbers have the following
properties:

(a) Z S]% = S%+3 — 2Sn+15n+3 — 2Sn+15n+2 —1.
k=0

(b) 3= Sk+1Sk = —Shis — Snio — Sai1 — Sn+2Sn4s + Snt1Sp43 + 7.
k=0

(c) > Sk+25k = —Sn+1Sn+3 — Snt15n+2-
k=0

From the last Theorem, we have the following Corollary which gives sum formulas
of co-Padovan numbers (take Y,, = R,, with Ry =1, Ry = 0, Ry = —1).

Corollary 8.4. For n > 0, co-Padovan numbers have the following properties.
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(a) Z Rk = Rn+3 — 2Rn+1Rn+3 — 2Rn+1Rn+2 - 3.
(b) kz Rk-i—le = _RgH_g - R72H_2 - R721+1 - Rn+2Rn+3 + Rn+1Rn+3 + 3.
=0

(¢) > Rpt2Rp = —Rpy1Rny3 — Rop1Ruq2 — 1.
k=0

o0
Next, we give the ordinary generating functions S Y2,
n=0

[e.@] oo
Z() Yot1Yn 2", 20 Yyi2Yn2" of the sequences {Y,2}, {Y 1Y}, {YagaYn}
n= n=

Theorem 8.5. Assume that |z| < min{|01]| 2, 02| 2, |03] 2, |0162] ", 01605|7", |6203] '} =
|0263) 1 = |03] 7% = |62| % ~ 0.754877. Then the ordinary generating functions of the
sequences {Y.2}, {Yni1Yn}, {YnioYal} are given as follows:
1
V2" = M +Y2)2 + 2 (Y +2V1 Y - Y —
(a)z 26+Z5+Z4+Z3 +Z—1(Z(1+ 2) +Z(O+ 140 2
2Y1Y2) +23(2YpY2 — YY) — (Y2 —YPHYE) 4 2(Y5 - YP) - V).
1
b Yoi1Ys - °Yy(Y1 + Y- (Y1 + Y-
(b) Z n+1Ynz" z6+z5+z4+25—22+z—1(z o(Y1+Yo)+ 2 Y1 (Y1 +Y2) +
3YO(YO —Ya) — 22 (Y1 4 Ya) (Yo — Y2) + 2Y1 (Y — Ya) — YoV1).
1
_ 5 40y2 2
©) nZ::an+2Ynz S 22— 1(2 Vi¥i+72) + 2105 - Y77 +
Y()Y1 — Y1Y2) + Z3(Y22 — Y02 + Y1Y2 =+ YE)YQ) =+ 2’2(—}/22 — 2Y1Yé =+ YE)YI) =+ Z(YI}/Q =+
YoYs — YoY1) — YoYa).

Proof. Set W, =Y, andr = —1,s=0,¢t=11in [5, Theorem 3.1] or in [6, Theorem
3.1]. O
Now, we consider special cases of the last Theorem.

Corollary 8.6. Assume that |z| < |0205]7" = 05|72 = |02 ~ 0.754877. The ordi-
nary generating functions of the sequences {K2}, {K,11K}, {Kn12K,} and {S2},
{SnJrlSn}a {Sn+2Sn} and {R%}, {RnJran}v {Rn+2Rn} are gwen as foquS"

(a)

ZK2n 24*23*2
A =
— " —S B4 —22 421
iéan 424 +52% - 9224829
2t = :
—~ -0+t
iRQn 25 —228-224+2-1
2t = :
" 0+t 4B 2221

n=0
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(b)
> 2
Kni1Kp2" =
T;) nt1fin® 204+ 2423 22421
—~ mren B+ A4+ B2 421
iR R —25 4922349222
v L —+ A+ -2 421
(c)
o0 2
¢ — 2
KnioKp2" =
T;) nt28n® 20425t 3 -2 42— 17
is g n 62* — 623 — 222 4 52 — 3
ya =
—~ non — 284+t 22421
iR Roan 222241
v k2 B+ A+ B2 421

From the last corollary, we obtain the following results for special cases of z.

Corollary 8.7. Some infinite sums of {K?2}, {Kn11K,}, {KnioK,} and {S2},
{Sn+1STL}7 {Sn+2sn} and {Ri}, {Rn+1Rn}7 {Rn-i-QRn} are gwen as follows:

(a) z:%.

o0

Ky _ 36
= 2n 35
SR
o 35
LA
 on 35
1
(b) z=35
iKn—&—lKn o g
—  on 35
isn-i-lsn . _@
e PL 35
iRnHRn _ 46
on 35

n=0
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1
(c) z=35.
i Kn+2Kn o E
~ 2 35

f: Sn-l-QSn 88

—~ o 35
iRmRn _ 12

2n 35
n=0

9. Generalized co-Padovan Numbers by Matrix Methods

In this section, we present matrix representations of the sequence Y,, K,, and S,,. We
also introduce Simson matrix and investigate its properties.

9.1. Matrix Representations of the Sequences Y,, K,, S, and R,

We define the square matrix A of order 3 as:

1
A=

_ o O
O O =

1
0
such that det A = 1. Some properties of matrix A™ can be given as

A" — —An_l—l-tAn_g,
An+m — AnAm — Am‘An7

for all integers m and n. Note that we have the following formulas:

Yoo -1 0 1 Yot1
Yn+1 — 1 0 0 Yn ’
Y, 0 10 Y, —1
and
Yyio -1 0 1\"/ Y,
Y1 = 1 00 i |,
Y, 0 1 0 Yo
and
K2 -1 0 1 Kni
Ko |=] 1 00 K,
K, 0O 1 0 K,
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We also define

Kn+1 K, n
B,=| K, Kpo K,
Kn—l K, Kn—2
and
Yn+1 Yn—l Yn
Dn = Yn Yn—2 Yn—l
Yn—l Yn—3 Yn—2

Theorem 9.1. For all integers m,n, we have the following properties:
(a) B, = A", i.e.,

n

-1 0 1 Kny1 Kn1 K,
1 O O — Kn Kn—2 K?’L—l
0 1 0 Kn—l Kn—S Kn—?

(b) DyA" = A"D;.
(C) Dn+m = DpBy, = By Dy, i.e.,

Yn+m+1 Yn+m—1 Yn+m

Yn+m Yn+m—2 Yn+m— 1
Yn+m—1 Yn+m—3 Yn+m—2
Yn+1 Yn—l Yn Km+1 Km—l Km
= Yn Yn—2 Yn—l Km Km—? Km—l
Yn—l Yn—3 Yn—2 Km—l Km—3 Km—2
Km+1 Km—l Km Yn+1 Yn—l Yn
= Km Km—2 Km—l Yn Yn—? Yn—l
Km—l Km—?) Km—2 Yn—l Yn—3 Yn—2

(d)
A" = Kn71A2 + an?)A + Kn72la

i.€.,
A" = (KnJrQ + Kn+1)A2 + (Kn+2 + KnJrl + Kn)A + (KnJrl + Kn)I
that is,
A" = Ky o(A? + A) + K1 (A2 + A+ 1)+ K (A+ 1)

where

I =

SO =
O = O
= o O

Proof. Set W,, =Y, G, =K, andr=—1, s=0, t =1 in [4, Theorem 51.]. O
Next, we present matrix formulas for the generalized co-Padovan,co-Perrin (co-
Padovan-Lucas) and co-Padovan numbers.
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Corollary 9.2. For all integers n, we have the following formulas for generalized
co-Padovan,co-Perrin (co-Padovan-Lucas) and co-Padovan numbers.

(a) Generalized co-Padovan numbers.

n

-1 01 1 a1l a1z a13

1 00 = ——= | a1 a2 a3

0 10 Ay (0) asy asz ass

where

apg = (— Y12 + Y02 — Y1Y2)Yois + (Y + V1Yo — YoY1)Yopo + (Y1 YoY2)Y, i1
as = (— Y1 + Yo Y1Y2)Y, 0 + (Y22 + V1Yo - oY1)V + (Y1 YoY2)Y,
asi = (—Y?2 + Yo Y1Y2)Y, i1 + (Y2 + V1Y — YoV Y, + (Y2 — YoYa) Y4
a2 = (—Y?2 + Yo Y1Y2)Y, i1 + (Y2 +Y1Y, - oY1)V, + (Y2 YoY2)Y, 1
az = (— Y1 + Yo Y1Y2)Y, + (Y& 4+ Y1Ye — YoY1) Y1 + (Y2 — YoYa) Yoo
azy = (—Y7 + Y0 V1Y2)Yo 1 + (Y2 +Y1Ys — YoV1)Y, 0 + (Yf —YoY2)Yn 3
a13 = ( le + YE) }/1Y2) n+2 + (Y2 + }/1Y2 - YE)}/l)Yn+1 + (}/1 - K)Yé)yn
az = (— Y1 + Yo Y1Y2)Yo 1 + (Y2 +Y1Ys —YoW)Y, + (Y1 YoYo)Y—1
ass = (—Y2 + Y7 — V1Y)V, + (Y3 + V1Yo — YoY1) Vo1 + (Y2 — YoY2) Yo
and

Ay (0) = Y3 + Y2 + Y3 + 2V Y3 + YoV — YoV — YEYs — 3Ya Y1 Yy,
(b) co-Perrin (co-Padovan-Lucas) numbers.

n

-1 0 1 1 [ 95n43+3Sn42 = 25041 9Sny1 +35, — 25,1 9Sp42 + 35,41 — 25,
1 0 0 = % 9Sp49 +3Sh+1 — 25, 9S,, + 35,1 — 2S,_9 9Sp41 4+ 35, — 25,1
0 1 0 9Sp41 + 35S, — 25,1 9S,-1 +35,—2 —2S,_3 95, +35,-1 — 25,—2

(c) co-Padovan numbers.

n

-1 0 1 Rn+3 + Rn-‘r? + Rn—l—l Rn+1 + Rn + Rn—l Rn+2 + Rn+1 + Rn
1 0 0 = Rn+2 + Rn+1 + Rn Rn + Rn—l + Rn—Q Rn+1 + Rn—l + Rn
0 10 Rn+1 + Rn + Rn—l Rn—l + Rn—2 + Rn—3 Rn + Rn—l + Rn—2

Proof. Set W,, = Y,,r = =1, s =0, t =1 and then Y,, = K,, and Y,, = R,,
respectively, in [4, Corollary 52.]. O
Now, we present an identity for Y, .

Theorem 9.3. (Honsberger’s Identity) For all integers m and n, we have

Yn+m = YnKm+1 +Y, 1K1+ Y, oKy,
= YnKm+1 + Yn—QKm + Yn—le—l-

Proof. Set W,, =Y,,,r= -1, s =0, t =1 and then G,, = K,, in [4, Theorem 53.].
O
As special cases of the last Theorem, we have the following corollary.
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Corollary 9.4. For all integers m,n, we have the following properties:

Kner = KnKerl + Kp 1K1+ Ky oKy,

Sn—l—m = SnKm-l—l + Sn—le—l + Sn—QKnu

Yner = YnKerl +Y, 1K1+ Y, 2Ky,
Next, we present identies for Y,,,+; and its special cases.

Corollary 9.5. For all integers m,n, j, we have the following properties:

Yonti = Kmn-1Yjio + Kmn—3Yjt1 + Kpnn—2Yj,
Kmn+j = Kmn—lKj+2 + Kmn—SKj+1 + Kmn_ng,
Smn+j = Kmn-15j42 + Kmn-3S5j41 + Kmn—25j,
Ronti = Kpn-1Rji2+ Kyn—3Rjq1 + Kpn—aR;j

Proof. Set r = —1, s =0,t =1 and W,, = Y,,, then take Y,, = K,,, Y, = S,, and
Y, = Ry, respectively,in [4, Corollary 55.]. O

9.2. Simson Matrix and its Properties
For n € Z, we define
Yn+2 Yn+1 Yn

fY(n) = Yn—i—l Yn Yn—l
Yn Yn—l Yn—?

We call this matrix as Simson matrix of the sequence Y,,. Similarly, as special cases of
Y,,, Simson matrices of the sequences K,, and S,, are

Kn+2 Kn+1 Kn Sn+2 Sn+1 Sn
fK(n> = Ky K, K, and fS(n) = Sn+1 Sh Sn—1
Kn Kn—l Kn—2 Sn Sn—l Sn—2

respectively.

Lemma 9.5.1. For all integers n,m and j, the followings hold.

(@) fr(n)=rfy(n—1)+sfy(n—2)+tfy(n—3).
(b) fy(n)=Afy(n—1) and fy(n) = A"fy(0), i.e.,

Yn+2 YnJrl Yn -1
Yn+1 Yn Ynfl = 1
Yn Ynfl Yan 0

01 Yn+1 Yn Ynfl
]. 0 Yn— 1 Yn72 YTL*S
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and
Yope You1 Y, -1 0 1\" /Y VI Y
Yorr Yo Yo | = 1 00 i Yo Y.
Yo Y1 Yoo 0 10 Yo Y1 Yoo

(c) fy(n+m)=A"fy(m) and fy(n+m)=A"fy(n) i.e.,

n

Yn+m+2 Yn+m+1 Yn+m -1 0 1 Ym+2 Ym+1 Ym
Yn+m+1 Yn+m Yn+m—1 = 1 0 0 Ym-‘rl Ym Ym—l y
Yn+m Yn+m—1 Yn+m—2 0 10 Ym Ym—l Ym—2
and
Ym+n+2 Ym+n+1 Yern -1 0 1 " Yn+2 Yn+1 Yn
Ym+n+1 Ym+n Ym+n71 - 1 00 Yn+1 Yn Ynfl ’
Ym+n Ym+n71 Ym+n72 0 10 Yn Ynfl Yan

and fy(n) = A™ fy(n —m), i.e.,

Yn+2 Yn+1 Yn -1 01 " Ynfm+2 Ynferl Ynfm
Yn+1 Y, Yo 1 = 1 00 Ynfm+1 Yom Yi-m-1
Yn Ynfl Yn72 0 10 Ynfm Ynfmfl YnfmfZ

Proof. Set W, =Y, andr=—1, s=0, t =11in [4 , Lemma 56.]. O
Taking the determinant of both sides of the identities given in the last Lemma, we
obtain the following Theorem.

Theorem 9.6. For all integers n and m, the following identities hold.

(a) Catalan’s Identity:

det(fy(n+m)) = det(fy(m)) and det(fy(n)) = det(fy (n —m)),

i.e.,
Yn+m+2 Yn+m+1 Yn+m Ym+2 Ym+1 Ym
Yn+m+1 Yn+m Ynerfl - Ym+1 Ym mel )
Yner Ynerfl Yn+m72 Ym mel me2
and
Yn+2 Yn+1 Yn Yn—m+2 Yn—m+1 Yn—m
Yn+1 Yn Yn—l - Yn—m+1 Yn—m Yn—m—l
Yn Yn—l Yn—2 Yn—m Yn—m—l Yn—m—2

(b) (see Theorem 5.1) Simson’s (or Cassini’s) Identity:

det(fy(n)) = det(fy(0)),
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i.€.,
Yotz Y1 Ya Y i Y
Yn+1 Yn Ynf 1 Yi Yb Y 1
Yo Y, Yo Yo Y1 Yoo

Proof. Set W, =Y,, and r = -1, s =0, t =1 in [4, Theorem 57.]. O
From the last Theorem, we have the following Corollary which gives determinantal

formulas of co-adjusted Padovan numbers (take Y, = K,, with Ko =0,K; =1, Ky =
—1).

Corollary 9.7. For all integers n and m, the following identities hold.
(a) Catalan’s Identity:

det(fx(n+m)) = det(fx(m)) and det(fx(n)) = det(fr(n —m)),

i.€.,
Kn+m+2 Kn+m+1 Kn+m Km+2 Kerl Km
Kn+m+1 Kn+m Knerfl = Km+1 Km Kmfl )
Kn—i—m Kn—i—m—l Kn+m—2 Km Km—l Km—2
and
Kn+2 Kn+1 Kn Kn7m+2 anm+1 anm
KnJrl Kn anl = anerl anm anmfl
Kn anl Kn72 anm anmfl anm72

(b) Simson’s (or Cassini’s) Identity:

det(fx(n)) = det(fx(0)),

i.e.,

Kn+2 Kn+1 Kn
Kn-l—l Kn Kn—l — _1
Kn Kn—l Kn—2

Taking Y, = S,, with Sy = 3,51 = —1,.52 = in the last Theorem, we have the fol-
lowing Corollary which gives determinantal formulas of co-Perrin (co-Padovan-Lucas)
numbers.

Corollary 9.8. For all integers n and m, the following identities hold.
(a) Catalan’s Identity:

det(fs(n +m)) = t"det(fs(m)) and det(fg(n)) =" det(fs(n —m))
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i.e.,
Sn+m+2 Sn—l—m—l—l Sn+m Sm+2 Sm—l—l Sm
Sn+m+1 Sner Snerfl - Sm+1 Sm Smfl ’
Sner Snerfl Sn+m72 Sm Smfl SmfZ
and
Sn+2 Sn+1 Sn Sn7m+2 Sn7m+1 Snfm
Sn+1 Sn Snfl = Snferl Snfm Snfmfl
Sn Snfl Sn72 Snfm Snfmfl Snfme

(b) Simson’s (or Cassini’s) Identity:
det(fs(n)) = det(fs(0)),
i.e.,
Sn—l—? Sn+1 Sn
Sn+1 Sn Spo1 | = —23.
Sn Sn—l Sn—2

From the last Theorem, we have the following Corollary which gives determinantal
formulas of co-Padovan numbers (take Y,, = R, with Ry = 1, R =0, Re = —1).

Corollary 9.9. For all integers n and m, the following identities hold.
(a) Catalan’s Identity:

det(fr(n+m)) = det(fr(m)) and det(fr(n)) = det(fr(n —m)),

1.e.,
Rn+m+2 Rn+m+1 Rn+m Rm—i—? Rm+1 Rm
Rn+m+1 Rn+m Rn+m—1 — Rm—i—l Rm Rm—l ;
Rn+m Rn+m—1 Rn+m—2 Rm Rm—l Rm—Z
and
Rn+2 Rn+1 Rn Rn—m+2 Rn—m+1 Rn—m
Rn+1 Rn Rn—l = Rn—m+1 Rn—m Rn—m—l
Rn Rn—l Rn—2 Rn—m Rn—m—l Rn—m—2

(b) Simson’s (or Cassini’s) Identity:
det(fr(n)) = det(fr(0)),
1.€.,
Rnt2 Rnt1 Ry

Rn+1 Rn Rnfl =-1
Rn Rnfl Rnf2
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